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Abstract
Our understanding of cosmology, supported by different forms of observation have led to
a standard model of cosmology called the ΛCDM model. This model combines the idea
of isotropy and homogeneity, with the presence of a cosmological constant and cold dark
matter along with usual components. Additionally, it requires a special set of initial con-
ditions, such as those that can be generated by inflation. The ΛCDM model is consistent
with all current data and most model parameters are known to high accuracy by combining
information from CMB experiments, Galaxy surveys, supernova surveys and measurements
of the Hubble Constant. However, current data cannot discriminate between a cosmological
constant and other dark energy or modified gravity models that also produce a late time
acceleration. Similarly, it cannot distinguish between different models that could seed the
primordial perturbations. Thus, the goal of future experiments is to distinguish between
such models and thereby study the differences in the underlying physics. In this thesis, we
discuss the observables for dark energy models with a time dependent equation of state,
and methods of constraining cosmological parameters from current data as well forecasting
constraints from future experiments.
We apply these methods to forecast constraints on the dark energy with a time dependent
equation of state for the LSST supernova survey, and to a combination of a CMB and
supernovae survey similar to PLANCK and the Dark Energy Survey.
We use examine parameter constraints in a cosmology with a time dependent equation
of state by combining WMAP5, SDSS, SNe, HST data sets by comparing the power spec-
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tra. We carefully quantify the differences of these constraints to those obtained by using
geometrical summaries for the same data sets. We find that (a) using summary parameters
instead of the full data sets give parameter constraints that are similar, but with discernible
differences, (b) due to degeneracies, the constraints on the standard parameters broaden
significantly for the same data sets. In particular, we find that in the context of CPL dark
energy, (i) a Harrison-Zeldovich spectrum cannot be ruled out at 2σ levels with our current
data sets. and (ii) the SNe Ia, HST, and WMAP 5 data are not sufficient to constrain spatial
curvature; we additionally require the SDSS DR4 data to achieve this.
We then use large scale structure data that will be available in the future in a non-
standard way to forecast the constraints on the dark energy equation of state. We argue
that the shapes of cosmic voids, as measured in spectroscopic galaxy redshift surveys, con-
stitute a promising new probe of dark energy (DE). We do this by forecasting constraints on
the DE equation of state and its variation from current and future surveys and find that the
promise of void shape measurements compares favorably to that of standard methods such
as supernovae and cluster counts even for currently available data. Owing to the comple-
mentary nature of the constraints, void shape measurements improve the Dark Energy Task
Force Figure of Merit by two orders of magnitude for a future large scale experiment such
as EUCLID when combined with other probes of dark energy available on a similar time
scale. Modeling several observational and theoretical systematics has only moderate effects
on these forecasts. We discuss additional systematics which will require further study using
simulations.
Finally, we study how the experiments in the future will be able to constrain a different
kind of deviation from the expectations of the standard model: a position dependent rotation
of the plane of the CMB polarization after recombination. Following Kamionkowski (2008),
a quadratic estimator of the rotation of the plane of polarization of the CMB is constructed.
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This statistic can estimate a spatially varying rotation angle α(n). We use this estimator
to quantify the prospects of detecting such a rotation field with forthcoming experiments.
For PLANCK and CMBPol we find that the estimator containing the product of the E
and B components of the polarization field is the most sensitive. The variance of this EB
estimator, N(L) is roughly independent of the multipole L, and is only weakly dependent
on the instrumental beam. For FWHM of the beam size Θfwhm ∼ 5′ − 50′, and instrument
noise ∆p ∼ 5 − 50µK-arcmin, the scaling of variance N(L) can be fitted by a power law
N(L) = 3.3 × 10−7∆2pΘ1.3fwhm deg2. For small instrumental noise ∆p ≤ 5µK-arcmin, the
lensing B-modes become important, saturating the variance to ∼ 10−6deg2 even for an ideal
experiment. Upcoming experiments like PLANCK will be able to detect a power spectrum
of the rotation angle, Cαα(L), as small as 0.01 deg2, while futuristic experiment like CMBPol
will be able to detect rotation angle power spectrum as small as 2.5×10−5 deg2. We discuss
the implications of such constraints, both for the various physical effects that can rotate the
polarization as photons travel from the last scattering surface as well as for constraints on
instrumental systematics that can also lead to a spurious rotation signal. Rotation of the
CMB polarization generates B-modes which will act as contamination for the primordial
B-modes detection. We discuss an application of our estimator to de-rotate the CMB to
increase the sensitivity for the primordial B-modes.
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Chapter 1
Introduction
Physics posits universal laws of dynamics that determine the evolution of any system. To
describe the dynamics of a system, one uses these laws along with a description of the in-
teractions of the system with the environment. However, the degrees of freedom that most
appropriately capture a particular phenomenon depend on the length scales involved. Thus,
physics as we understand it, is organized by length scales with different interactions domi-
nating phenomena at different length scales. It is thus a crucial test of the universal nature
of physics that the same dynamical laws be able to describe physical phenomena at differ-
ent length scales. For example, it is important that macroscopically observable phenomena
should be consistent with the dynamics of more microscopic constituents.
A similar situation arises with respect to cosmology. The study of cosmology applies
the laws of physics, as we understand them, to the universe as a system, attempting to
understand its evolution and the origin of observed structures. Therefore, a crucial test of
the idea of physics is whether the laws of physics that have been discovered so far can be
used to describe the universe as well. However, there another point worth bearing in mind.
The laws of physics discovered and verified in laboratories may be limiting cases of more
fundamental laws with the manifestations of deviations from these laws being hidden by our
inability to perform experiments beyond a certain range of length scales. In this respect,
it is interesting that the paradigm of standard cosmology involving an expanding universe
involves a curious mix of length scales at different stages of expansion. At the current stage
of evolution, the dynamics is determined by the physics of the largest scales dominated by
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gravitation; in the early universe the underlying physics is one of extremely small length
scales: both involve scales beyond those studied in laboratories. Most importantly, there
are observable cosmological manifestation of the physics at such length scales. As a result,
cosmological observations may be used to make statements about aspects of physics that are
extremely difficult to study in terrestrial laboratories.
In chapter 2, we shall review the standard paradigm of cosmology and its observational
status. In the context of the above thread of thought, this chapter will address the question
of whether our current knowledge of physics can successfully predict the observations related
to the dynamics of the universe. In a nut-shell, the answer is that one can successfully un-
derstand observations if one admits the presence of ‘dark matter’ and ‘dark energy’ as the
most abundant constituents of the universe, with the constituents in the Standard Model
of Particle Physics (SMP) constituting only about 4% of the universe. Observations also
imply a special set of initial conditions in the very early universe. Such initial conditions
may also be generated by processes like inflation or cyclic models; such processes also require
constituents beyond the standard model of particle physics. Attempts have been made to
understand the observations implying the need for dark energy and dark matter in terms of
modified dynamical laws rather than admit non-standard components, but it is very difficult
to explain the observations in terms of known particles and interaction laws. It is worth-
while pointing out that the existence of a particle with the properties of dark matter (that
is massive, non-interacting, stable) can neither be ruled out, nor predicted on the basis of
theories and experiments pertaining to standard model physics. Similarly, the presence of a
cosmological constant or dark energy does not contradict any of the experiments that have
been conducted to study gravity, because the effects of such a cosmological constant would
only be observable at extremely large length scales. These then provide concrete examples of
how cosmological observations have the power to probe physics beyond studies in terrestrial
laboratories. Thus, the study of cosmology has a dual goal: (a) to understand the evolution
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of the universe as indicated by observations and (b) to test the validity of known physical
laws in an un-tested regime of length scales.
While cosmological observations can be compared with theoretical predictions and trans-
lated into new information about physics, the process of extracting this information is not
necessarily straightforward. This is because the observables are only indirectly linked to the
interesting information. Let us illustrate this statement with two examples. The evolution
of the density of dark energy is a quantity of great interest in current research. This density
of dark energy is linked to the rate of expansion of the universe (as quantified by the Hubble
parameter). But, in fact, it is hard to find cosmological observables that determine the
Hubble parameter itself. Rather, the cosmological observables are more directly related to
the time integrals of functions of the Hubble parameter. Given the uncertainties that we
shall find associated with measurements, it is important to devise methods of extracting the
interesting information from observed quantities. This is the program of ‘parameter esti-
mation’, where one attempts to constrain the possible values of parameters of cosmological
models using observational data. A second example of the indirect relation of observation
and the underlying physics pertains to the physics of initial conditions. In the most popular
scenario, the initial conditions are set by the process of slow-roll inflation where a scalar field
slowly rolls down an almost flat potential. The necessary properties of this field imply that
there are no candidates in SMP, and thus its dynamics as an example of physics beyond SMP
is of great interest. However, our observational link to this field is in terms of properties
of the distribution of fluctuations, which we must infer from a single realization of these
fluctuations. Thus, while the interesting physics has observable signatures, they can only
be extracted in indirect ways requiring careful methods of parameter estimation. A second
issue that plays an important role is the issue of systematics: the observations in cosmology
are based on properties of astrophysical systems. In some sense, these systems play the role
of detectors. The astrophysical knowledge of these systems allowing accurate prediction of
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their behavior is analogous to the calibration of instruments. Consequently one has to bear
in mind the possibility of un-modeled behavior of these astrophysical objects due to lack
of perfect knowledge of the astrophysics. Thus, the issue of systematics is one which will
plague parameter estimation. Most of this thesis will be concerned with applying methods
of parameter estimation in cosmology and we shall often have to think about the effects of
systematics.
It is useful, at this point, to raise a contrarian question: the cosmological parameters
of the standard model of cosmology (that the flat ΛCDM model) from data are quite well
constrained. Why must we continue to build further experiments and extract information
from them? Why do we need to know the values of these cosmological parameters to such
exquisite precision? The answer lies in the fact that while this model agrees with current
observations given the experimental uncertainties, we have no reason to believe that it is
the correct model. If we believe that the simple picture of (a) a single field slow-roll infla-
tion setting up a homogeneous and isotropic universe with adiabatic Gaussian distributed
fluctuations with a power spectrum in the form of a power-law, (b) with the background
being dominated by radiation, matter and a cosmological constant at different epochs, we
are essentially done. If we know that this picture is correct, then further experiments will
only serve to increase the number of decimal places to which we know the cosmological
parameters. However, in fact, the standard picture described above is merely a minimal
model whose predictions agree with the data available today. There is no compelling reason
to believe that it is actually correct, and in fact the nature of postulated objects is not
well understood. If we consider this model with the parameters {Ωbh2,Ωch2, h, zre, ns, As}
(where the variables have their usual meanings and will be introduced in detail in Chap-
ter 2), the values of ns and As are related to the dynamics of the inflaton whose physics we
do not understand, Ωch
2 relates to dark matter whose physical properties are not known,
zre assumes an instantaneous re-ionization at a particular redshift while we still do not un-
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derstand how this process of re-ionization proceeds. And all of this, when we have made the
convenient assumption that the acceleration is due to a cosmological constant whose nature
is not to be asked about, when in fact it may well be due to some fields or dynamical laws.
In other words, the standard model is based on a set axioms which are yet to be strenuously
scrutinized. Therefore, the main task ahead is to quantitatively study each of the model
assumptions and constrain the possibility of deviations from this model.
Accordingly, in this thesis we will allow for deviations from the standard model in par-
ticular ways and study how well we can constrain these deviations using current and future
data. Most of this work is focused on extending the standard model by considering a dark
energy model with a time dependent equation of state in place of a cosmological constant
and then constraining the deviation of this equation of state from −1. In chapter 7, we
will be concerned with extensions of the standard model to study observable effects of non-
gravitational couplings that un-observed fields can have with standard components. For an
interesting class of models, such couplings with the electromagnetic fields causes a rotation
of the polarization angle of photons, leading to a mixing of E and B modes of CMB polar-
ization. We study the prospect of constraining such mixing using future CMB experiments
in a way that can also be used to detect similar mixing due to other causes like detector
systematics.
This thesis is organized as follows:
• In chapter 2, we discuss the paradigm of standard cosmology. This paradigm involves
a solution of cosmology in terms of a smooth cosmological background and fluctuations
added to it. We briefly discuss the methods involved in computing the evolution of
fluctuations in different regimes. We discuss the implications of the chief available
observations, and in particular the evidence in favor of the dark sector. Finally, we
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discuss the parametrization of the dark energy equation of state and the modifications
to the evolution equations we use in the later chapters to compute the cosmological
observables.
• In chapter 3, we discuss methods of constraining cosmological parameters using obser-
vational data. We explain the Bayesian method of combining information from different
experiments to constrain the model parameters through the posterior distribution. We
also outline a Monte Carlo procedure used to explore probability distributions which
we will use (in chapters 4 and 5) to explore Bayesian posterior distributions. We also
discuss the standard method of forecasting in cosmology using Fisher matrices which
we will use in chapter 6 to combine forecasts from supernovae and CMB observations
with our study using void ellipticity.
• In chapter 4, we discuss two methods to improve Fisher forecasts by trying to estimate
the expected shapes of the posterior distribution. The first method has been used in
cosmology in recent times and we apply it to the planned supernova survey LSST . We
discuss a likelihood approximation appropriate to the photometric survey, and forecast
constraints on the equation of state parameters (in a particular parametrization) for
dark energy. The results were our contribution to LSST Science Book (2009). This
was the result of working with the LSST collaboration, and in particular discussions
with Prof. Wood-Vasey and his group.
We also discuss a better but computationally expensive method of forecasting con-
straints and apply it to a dark energy model with a constant equation of state for a
combination of future Supernova and CMB surveys similar to the supernova survey of
the Dark Energy Survey and PLANCK.
• In chapter 5, we discuss our work presented in Biswas and Wandelt (2009). Here we
apply the Bayesian method of constraining model parameters discussed in chapter 3
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and the computation of observables for a CPL dark energy model in 2 to constrain the
cosmological parameters using the WMAP 5 year data along with the Union Super-
novae set, the SDSS measurements and the HST project measurement of the Hubble
Constant.
We also study the comparison of this exact method to the approximate method of
constraining dark energy parameters using “summary parameters” and quantify the
differences.
• In chapter 6, we discuss our work done in collaboration with Esfandiar Alizadeh pre-
sented in Biswas et al. (2010). Rather than using the large scale structure data in
the form of a matter power spectrum (or baryon acoustic oscillations) estimated from
galaxy number densities or the abundance of galaxy clusters, we explore the possibil-
ity of using the shapes of voids as quantified by the eigenvalues of the tidal tensor
to constrain cosmological parameters. We show using the method of Fisher forecasts
discussed in chapter 4 that the method can yield promising results from spectroscopic
datasets that have been planned for the future.
• In chapter 7, we discuss our work presented in Yadav et al. (2009) done in collaboration
with Amit Yadav, Meng Su and Matias Zaldarriaga. We use a flat sky approximation
to study how future observations may constrain the rotation of polarization of the
CMB. The results suggest that future experiments will have the capability to measure
such a position dependent rotation. We discuss the implications of such measurements
for physical causes as well as studying instrumental systematics.
• In chapter 8, we summarize the thesis and discuss our outlook on the issues addressed.
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Chapter 2
Standard Cosmology and its Status
First, we shall describe the assumptions and parameters in the standard cosmological model.
The first assumptions are the large scale symmetry properties of space-time and the matter
distribution. This fixes the form of the background metric to the Robertson Walker form
with free parameters. We discuss an understanding of the constituents of the universe and
their interactions for known constituents. We then combine the knowledge of constituents
with the field equations of General Relativity to relate the evolution of the metric to the
densities of constituents; these are the Friedmann equations. Then we describe some useful
quantities that may be used to quantify useful geometric properties of the universe and how
they are related to the constituent densities. We then describe the epochs in the history of
the universe.
2.1 Background Cosmology: Friedmann Robertson
Walker Metric
Standard cosmology is based on the idea of homogeneity and isotropy of space. This means
that we assume that space-time can be foliated into spatial hyper-surfaces, on each of
which there is no way to distinguish between different points and directions. This is a way
of implementing the idea that there can be no privileged position in the universe. Clearly
this cannot be totally true at all scales: we can see particular stars in particular directions.
However, if we consider a coarse grained universe, where we only speak of physical
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quantities averaged over scales of many Megaparsecs, there is no obvious contradiction to
this idea. On the other hand, verifying this symmetry by itself is extremely hard, even
though all current observations are consistent with such a symmetry. Here, we shall simply
assume that the universe is homogeneous and isotropic, and study the consequences of this
axiom. We shall briefly return to comment on possibility that this is in fact, incorrect and
possibly observable consequences of the violation of these symmetry properties. Through
tests of such consequence, one could make progress towards verifying these symmetry
axioms.
If the universe is homogeneous and isotropic, these symmetries must be isometries of the
metric. The most general class of metrics that have these isometries is the
Friedmann-Robertson-Walker metric and may be written as a function of comoving
coordinates {r, θ, φ} and time dependent function called the scale factor a(t)
ds2 = −dt2 + a2(t)dσ2 (2.1)
The spatial metric
dσ2 = γijdx
idxj =
dr2
1−Kr2 + r
2dΩ2 (2.2)
describes a space which is homogeneous and isotropic about any point. The scale factor
a(t) turns out to be an increasing function of time, and the increase in the distance
between two points on the spatial hyper-surface with time, as described by the spatial
metric can be thought of as an expansion of space itself. Since the spatial metric is a
maximally symmetric metric, it is easy to write down the Riemann Tensor from the
symmetry of the Riemann tensor
Rσijkl = K(γikγjl − γilγjk) (2.3)
This allows us to compute the Ricci Scalar Rσ = 6K enabling us to interpret the constant
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K as a curvature of the spatial hyper-surface. Thus, positive (negative) values of K
determine the geometry of these spatial surfaces in the universe. A universe may have
spatial surfaces with either positive, negative, or zero curvature hyper-surfaces represented
by K values greater than, less than or equal to 0. In the cases of trivial topology, a spatial
surface is said to be closed (has spherical geometry) if K > 0, open (has hyper-spherical
geometry) if K < 0, and flat if K = 0. We denote the time at the current epoch by t0. By
convention, the scale factor at the current time is chosen to be a(t0) = 1. (There is a
second convention where the scale factor today is a measurable parameter, but the values
of K are scaled to be −1, 0, or 1. The cosmological redshift z is given by z+ 1 = 1/a(t) and
this redshift is frequently used as a time variable.
Working out the Ricci Tensor for the metric, we can see that it is diagonal, and due to
isotropy must have the same value for the spatial components. This implies that the
Einstein Tensor must also be diagonal, and thus the stress tensor must be of the form
diag(−ρ, p, p, p), (see Appendix. C for details about the sense of this equation). So far, we
have only used the symmetry properties and the structure of the field equations. It is
useful to ask if we can use the field equations and the symmetry properties to completely
solve for the parameters in this system assuming that we know the values of the parameters
in the metric a,K the stress tensor at some time. Due to symmetry, there are three
evolving parameters (one in the metric a, and two in the stress tensor ρ, p). There are only
two independent field equations (time time component, only one spatial component due to
isotropy). The conservation of stress tensor is not an independent constraint; any solution
of the field equations conserves the stress-energy due to the Bianchi identity. Hence, there
is one extra degree of freedom in the system that cannot be determined from the system of
equations alone. Thus the solution must require extra information in the form of
microphysics, and thus requires specification of the properties of the constituents.
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2.1.1 Constituents of the Universe
The constituents of the universe in the standard picture are baryons which are the nuclei in
SMP, collision-less particles (cold dark matter), radiation composed of relativistic photons.
At the level of coarse-graining at which we can regard the universe as an FRW universe,
these constituents can also be coarse-grained to have fluid properties. The differences
between the properties of these kinds of fluids is encoded in their equation of state w
relating their pressure and density
pi = wi(t)ρi (2.4)
and specifies the last bit of information required to solve the background cosmology
completely. For non-relativistic matter, the non-relativistic property is manifested in the
pressure being much smaller than the energy density, so that equation of state w = 0. For
the relativistic components like photons, w = −1/3. The stress tensor for a cosmological
constant Λ is of the form Λgµν , and this can be used to determine an effective equation of
state w = −1.
2.1.2 The Friedmann Equations
One can work out the field equations to determine the evolution of these quantities. This
gives the Friedmann Equations:
H2(t) ≡
(
a˙
a
)2
=
8πG
3
∑
i
ρi − K
a2
(2.5)
a¨(t)
a(t)
= − 4π
3M2P l
∑
i
(3pi + ρi)
where H(t) is called the Hubble Parameter. Its current value H(t0) is called the Hubble
Constant H0 and is a measurable quantity of dimensions [T ]
−1 usually quoted in terms of h
defined so that H0 = 100hKm/s/Mpc. At any time t one defines the critical density
ρcrit(t) as the density required in a spatially flat FRW universe to have the Hubble
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parameter at that time.
H(t) =
8πG
3
ρcrit(t)
This determines the critical density today to be ρcrit =
3H20
8πG
. The current densities can be
measured and are usually quoted relative to the current critical density Ωi0 =
ρi(t0)
ρcrit
. One
can combine this definition with the Friedmann Equation to write
1 =
∑
i
Ωi0 −K
=
∑
j
Ωj0
where in the second line one uses an equivalent fluid for curvature with the appropriate
density Ωk0 = −K. In terms of these parameters, one may find the Hubble parameter at
any redshift:
H2(z) = H20
(
Ωm(1 + z)
3 + Ωk(1 + z)
2 + Ωρ(1 + z)
4 + ΩDE
)
(2.6)
For any non-interacting fluid, one can use the conservation of the stress tensor to
determine the evolution of the fluid density. This is the General Relativistic version of the
continuity equation of fluid dynamics, written in the frame where the fluid is at rest.
∂ρ
∂t
+ 3H(t)(ρ(t) + p(t)) = 0 (2.7)
Since we know the equation of state for each fluid in the standard model, we have the
requisite microphysics knowledge to solve for the dynamics in an FRW universe. For
radiation ργ = ργ,0/a
4, for non-relativistic matter particles whether baryonic or cold dark
matter ρm = ρm,0/a
3, while for a cosmological constant, ρΛ is a constant.
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2.1.3 Useful Quantities in an FRW universe
We will discuss the trajectories of particles in an FRW universe. Since all points in an
FRW universe are equivalent, without any loss of generality, we can put the end point of
the trajectory at the coordinate r = 0 while the starting point could be at r, θ, φ. From
isotropy, the trajectory must be along the radial direction. Thus for a particle of mass m,
the trajectory can be found by integrating the interval ds2 = −m2. For a photon, we can
use this to find the null geodesics −dt2 + a2(t) dr2
1−Kr2
= 0. The comoving distance χ is
defined to be the distance on the spatial hyper-surface between two points on the spatial
hyper-surface today. Since, this is homogeneous, we can arbitrarily put one of these points
at the origin and another at some radial coordinate r, so that
χ =
∫ r
0
dσ =
∫ r
0
dr′
(1− kr2)1/2
From the form of the metric along a null geodesic, we can see that it this is also given by
χ =
∫ te
t0
dt
a(t)
Since, light travels along the null rays, it travels in the radial directions δθ = δφ = 0, which
means that the expansion of space does not change the angle subtended by light rays at
any point. Thus, the comoving distance χ to an object of physical length l subtending a
small angle θ does not satisfy the relation l = χθ that would be valid in a Minkowski
Space-time. However, one can define the Angular Diameter Distance
dA =
l
θ
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and its value characterizes the difference of the geometry of the space-time from flat
space-time. The angular diameter distance is given by
dA =
c
(1 + z)
∫
dt
a(t)
(2.8)
=
c
(1 + z)H0
√|Ωk|
S
(∫ z
0
dz′
√|Ωk|(
Ωm(1 + z′)3 + Ωγ(1 + z′)4 + Ωk(1 + z′)2 + ΩDE(1 + z′)3(1+weff (z))
)1/2
)
where the function S(x) is defined by
S(x) = Sin(x), Ωk < 0
= Sinh(x), Ωk > 0 (2.9)
= x, Ωk = 0
The quantity weff(z) is a parametrization of the equation of state of dark energy
depending on the redshift z. In the standard model weff(z) = −1
Similarly luminosity falls off with the inverse square of the distance to the source in flat
space-time, a relationship which does not hold in the FRW universe. Once again one
defines the luminosity distance as the distance of a source of known physical emission that
one would have inferred on measuring the luminosity, assuming that the space-time was
flat. The Luminosity Distance is given by
dL = c(1 + z)
∫
dt
a(t)
(2.10)
=
c(1 + z)
H0
√|Ωk|
S
(√
|Ωk|
∫ z
0
dz′(
Ωm(1 + z′)3 + Ωγ(1 + z′)4 + Ωk(1 + z′)2 + ΩDE(1 + z′)3(1+weff (z))
)1/2
)
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2.1.4 Epochs in Standard Cosmology
Current experiments determine the relative densities of the constituents of ΛCDM
cosmology. For illustration purposes, we shall choose ΩDM ≈ 0.26, Ωb ≈ 0.04, ΩΛ ≈ 0.7
(with Ωk = 0. Today radiation has the smallest energy density given by
ργ,0 =
8π5(kBTCMB)
4
15
. These current densities along with the density evolution of these fluids
imply today and in future, the dominant component in the universe is the cosmological
constant. This was preceded by a stretch of time when the dominant component was
matter which was called matter domination. At very early times the universe the universe
was in a phase of radiation domination.
There are a number of important events in the history of the universe in the standard
model. In the early radiation domination phase, light nuclei are formed by combining
protons in the process of BBN. After matter domination sets in, when the temperature of
photons falls well below the hydrogen ionization energy, so that in spite of the large photon
to baryon ratio ( 109,) there are not enough photons to keep the hydrogen ionized, the
electrons combine with the protons giving forming the CMB. This process is known as
“recombination”. As the growth of structure continues in this matter dominated era, deep
potential wells are created by the collapse of dark matter and baryons collapse into these
potential wells. This process results in the formation of the first stars which radiate energy
to ionize the atoms in the universe. This process is called “reionization”. Both of these
processes are important for the CMB. Recombination is quantitatively understood well
enough to make precise predictions at the level of current data from WMAP. However,
reionization is still a simplistic model which captures the main physical effects but may be
quantitatively more complicated.
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2.1.5 Geometrical Observables in the FRW universe
In this subsection we want to discuss observables that are entirely based on the geometry
that can be used to constrain the expansion rates of the universe. First, we note that, since
at any point of the manifold, the metric is equivalent to the Minkowski metric, no local
measurements can measure the expansion of space. The presence of space-time curvature
can be measured at a particular spatial point by observing the behavior of a congruence of
flows over time. Physically such a congruence may be provided by the trajectories of a set
of dust particles. However, since we essentially exist at only a particular point of time, the
measurement requires information about quantities at other times, which will be provided
by predictions based on physics computations.
The predicted quantities are called ‘standard’ quantities that we know about using physics.
The examples that we shall use are (a) Standard Candle which refers to an object that
emits a known power, (b) Standard ruler which refers to an object of known physical
length and (c) Standard Volume which refers to a volume of space whose volume is known.
An example of a standard candle (or more precisely claimed to be a standardizable candle)
which we will discuss is a Type Ia supernovae (SNe Ia). SNe Ia are known to be
remarkably homogeneous in nature, with the the peak brightness (after certain corrections)
thought to have a dispersion of the order of 0.1− 0.2 magnitudes. The functional
dependence of the observed magnitudes of supernovae on its redshift may then be related
to the geometry of the spatial hyper-surface and the expansion history of the universe
between today and the time the light was emitted from the supernova. Measuring both the
redshift and the observed magnitude of supernovae, one can construct the ‘Hubble
diagram’. The supernovae magnitude measurements from two independent groups
confirmed that for a flat ΛCDM model , Λ > 0 to a high degree of confidence, ruling out
the previously popular Einstein de-Sitter model which would have Λ = 0.
An example of a standard ruler is the physical length of the sound horizon of the photon
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baryon fluid at the time of recombination. This is manifested in the oscillatory nature of
the power spectrum of the CMB anisotropies and in the Baryon Acoustic Oscillations of
the matter power spectrum as discussed later.
17
2.2 Fluctuations on the FRW Background
We have previously discussed the properties of a homogeneous and isotropic universe.
While spatial averages of the matter distribution taken over large length scales in our
universe may be almost homogeneous and isotropic, the distribution of matter is obviously
inhomogeneous at smaller scales. Consequently, we claimed that the real universe could be
described as an FRW universe with fluctuations: this means that the metric can be written
as sum of the FRW metric and fluctuation terms describing the departure from the FRW
metric. The field equations imply that the stress tensor too must then have departures
from the perfect fluids of the FRW universe to source the fluctuations in the metric. As the
system evolves, the departures from the FRW metric and the homogeneous densities will
grow. Since these fluctuations were small at very early times, the metric was remarkably
homogeneous. It is then important to ask if there is a mechanism that ensures an almost
smooth universe. In fact there are a few such proposed mechanisms that could achieve this.
We shall discuss the most common and simple mechanism called inflation. When the
primordial fluctuations seeded by inflation or by any other similar process are small
enough, the evolution of the fluctuations can be described by linear perturbation theory
about the homogeneous solution, but not at later times so that linear perturbation theory
cannot describe the evolution. We discuss linear perturbation theory and semi-analytic
methods which are applicable beyond the linear regime.
The most standard class of mechanisms that produce a universe like the observable one is
the class of inflation. The basic property of models in this category have a period of
accelerated expansion at early times usually sourced by a fundamental scalar field. This
accelerated expansion stretches any previous inhomogeneities to very large scales making
the universe isotropic and homogeneous like the FRW background. The quantum
fluctuations of this field get imprinted on this clean slate as extremely small amplitude
fluctuations. The period of accelerated expansion ends in a radiation dominated era such
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as the one described before. These small amplitude fluctuations must grow through
gravitational collapse after this leading to the structures observed today.
The physics of inflation does not provide a way to make deterministic predictions for δ(x),
however it does specify the stochastic properties of the primordial fluctuations seeded by
inflation in terms of one point and two point expectations. In the simplest of such
inflationary models, the single field, slow-roll inflationary model, where there is a single
field rolling down an almost flat potential, one can quantify the characteristic of the
potential by the slow-roll functions. In this case, the expansion of the universe during
inflation is exponential, and the fluctuations are essentially Gaussian and adiabatic. For
Gaussian fluctuations, the entire information about their probability distribution is
contained in the two point correlation functions or equivalently the power spectrum. To
characterize the fluctuations of some constituent, we will use the density contrast δ for that
species at a time when the background density is ρ0.
δ(x) ≡ ρ(x)− ρ0
ρ0
(2.11)
Then the stochastic properties of the fluctuations are summarized in the power spectrum.
Under assumptions of translational symmetry and isotropy implying that the two point
correlation function
ξ(x, y) ≡ 〈δ(x)δ⋆(y)〉 = ξ(|x− y|) (2.12)
one can transform the variables x, y to (x+ y)/2, (x− y)/2 to find the correlation function
of the Fourier transform δ˜(k) of the density contrast δ in terms of the power spectrum P (k)
〈δ˜(k1)δ˜⋆(k2)〉 =
∫
d3x
∫
d3y exp(ik1 · x) exp(−ik2 · y)〈δ(x)δ⋆(y)〉 (2.13)
=
∫
d3x
∫
d3y exp(ik1 · x) exp(−ik2 · y)ξ(x− y) (2.14)
= (2π)3P (k)δ(k1 − k2),
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where the two point function can be written in terms of the power spectrum
ξ(x, y) =
∫
d3k
(2π)3
exp(−ik · (x− y))P (k) (2.15)
Using the laws of dynamics we can predict how these fluctuations evolve into observable
quantities, and in turn the stochastic properties of these observables. Comparing with
data, we can constrain the properties of primordial fluctuations, and since different physical
scenarios at the inflationary scale can create different properties of primordial fluctuations,
this is a useful way of studying signatures of physics at that energy scale. To do this we
must parametrize the power spectrum. The simplest parametrization is of the form
P (k) = As
(
k
k0
)ns−1
(2.16)
where As denotes an amplitude of scalar fluctuations, k0 is a chosen pivot point, and ns is
called the scalar spectral index. In our investigations of the cosmological models, we shall
use this model of the power spectrum. In a single field, slow roll inflationary model the
value of ns is uncertain due to the physics of reheating and it is expected that ns . 1. A
similar parametrization can be used for tensor perturbations, but current data does not
constrain the analogous parameters for tensor perturbations.
Two comments are in order. The form of the power spectrum is not confirmed to be of the
power law form. Smooth deviations are characterized by the running of spectral indices,
but so far there is no evidence of such running. Secondly, while we are only characterizing
the power spectrum, there may be more information on the fluctuations from other sources.
If the inflationary models are not of the simplest form, then there will be non-Gaussian
fluctuations leading to independent information in higher order moments. We shall not
consider this possibility in this thesis. On the other hand, while the entire power-spectrum
contains all the information about Gaussian fluctuations, we do not constrain the entire
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power spectrum by the data, but only a specific range of scales. For, this reason, it is
worthwhile to study fluctuations in as many distinct ways as possible. We shall explore
methods of studying the fluctuations other than the power spectrum using voids.
2.2.1 Linear Regime
The aim of this section is to set up the dynamical equations that determine the evolution
of fluctuations about the FRW universe. There are several reviews that deal with this; we
shall mostly use Ma and Bertschinger (1995); Kodama and Sasaki (1984).
Following the discussion with regard to the background equations, this will involve
perturbations about the FRW metric and the fluid stress tensor. However, because the
general system does not have the previous symmetry properties, it is no more possible to
argue that the stress tensor be that of a fluid. Thus, it is important to ask how the
statistical distribution of the constituents evolve, taking into consideration both the
gravitational dynamics and the interactions. This is usually addressed by using the
Boltzmann equations, and is found to be important The evolution equations will be a set
of partial differential equations that can be converted to ordinary differential equations by
expanding the perturbation variables in terms of the orthogonal eigenfunctions of the
Laplace operator on the spatial section. Thus a perturbation variable variable v(t, ~x) will
be written as vt(t)
∑
i Y¯i(~x). The perturbations can be decomposed by their transformation
properties as scalars, vectors or tensors. Accordingly, we shall take Y¯ as a scalar Y , a
vector Yi or a traceless tensor Yij. In this entire thesis we shall restrict perturbation theory
to a linear regime, so the modes are decoupled. In most cases the fluctuations are small (of
the order of 10−5), except in the late universe, where linear perturbation theory about an
FRW universe certainly fails at small scales. This regime, which is phenomenologically
describes the formation of structures due to gravitational collapse should ideally be treated
by computer simulations. However, semi-analytic methods have been developed to provide
reasonable estimates in this regime. In this thesis, we shall not use computer simulations to
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study these regimes, but rely on these semi-analytic estimates when the occasion demands.
2.2.2 Metric Perturbations
Let us consider the most general perturbations to the FRW metric. Different perturbations
to each metric element are allowed, as long as the symmetry of the metric is maintained.
Since we will soon require derivatives spatial derivatives of the perturbations it is
convenient to write these fluctuations as an expansion in terms of a complete and
orthogonal set of basis functions. Such a set can be provided by the functions of
eigenfunctions of the Laplace operator on the spatial surface. We assume that the
fluctuations are ”good functions” and therefore allow these eigenfunctions to exist.
g00 = g˜00 − 2a2AY
g0j = g˜0j − a2BYj (2.17)
gij = g˜ij(1 + 2HLY ) + a
2(2HTYij)
The volume form is given by δV =
√−gdx0dx1dx2dx3, where g = det(gµν). What physical
variables are affected by these perturbations? A is called the amplitude of perturbation to
the lapse function, which measures the ratio of the proper time between two spatial
hyper-surfaces to the difference in coordinate time between the hyper-surfaces. B is the
amplitude of perturbation to the shift vector which is related to the angle made by the
worldlines of particles with the spatial hyper-surface. Thus, the ratio of measure factors
associated with the volume form with these perturbations to the FRW volume form at
linear order is (1− 6HLY ).
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2.2.3 Decomposition of Scalar, Vector and Tensor Perturbations
On a spatial surface of constant curvature of an FRW universe, we have translational
symmetry, and rotational symmetry. Thus, any physical quantity on these surfaces should
be expected to transform according to representations of these symmetries. Indeed in the
equations 2.17 above, we see that the degrees of freedom are either scalar, vector or tensor
type. However, each of these quantities can be constructed from different representations.
For example, a scalar field can only be constructed trivially constructed from a scalar field.
A vector field, on the other hand, may be constructed by (a) taking the gradient of a
scalar, or (b) trivially from a vector where it has three pieces information at each point.
Finally a tensor may be constructed from (a)cross derivatives of a scalar or by multiplying
it with the metric, (ie. one piece of information) (b) by taking gradients of vectors (ie.
three pieces of information) or (c) trivially from tensors. Hence, the representation of the
perturbation quantity does not generally determine the appropriate degree of freedom: A
scalar degree of freedom is sufficient to give rise to all the perturbation variables in
Equations 2.17, while a vector degree of freedom can only give rise to a subset of the
perturbation terms of vector and tensor type, and a tensor degree of freedom can only give
rise to a tensor type of perturbation. There are thus 4 types of scalar perturbations which
may be appropriately operated on to give us the four terms in 2.17, there are four vector
degrees of freedom (two divergenceless three vectors) which may be used to construct the
three-vector of the g01 perturbation, and the tensor of the gij perturbation, and finally the
tensor perturbations have two independent degrees of freedom. Together these make up
the ten independent degrees of freedom of a general metric.
On an FRW space-time, (ie, where the spatial hyper-surfaces have constant curvature),
linear covariant differential equations at most of order two do not mix the evolution of
scalar, vector and tensor perturbations. This is called the ‘decomposition theorem’ and it
implies that one can solve the evolution of scalar, vector and tensor perturbations
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separately, and then linearly superpose the solutions to get the most general result.
2.2.4 Gauge Freedom
Since the theory of General Relativity is invariant under diffeomorphisms, all the metric
perturbations laid out in Equations 2.17 are not independent physical degrees of freedom.
Even if two metrics differ by some of these perturbation variables, they correspond to the
same physical situation if there exist a set of diffeomorphisms, under which one metric
transforms to the other. Therefore, it is important to devise a way to distinguish whether
the difference between two metrics is physically meaningful or not. There are different
ways of dealing with this problem: (a) To devise the answers only in terms of gauge
invariant variables that are invariant under these diffeomorphisms or (b) Specify the choice
of gauge which is used to address the problem at hand by specifying a set of geometric
quantities that are unique to the gauge choice.
Since the fluctuations do not obey the symmetry of the background, we need to redo the
calculation of degrees of freedom. There are twenty unknown variables corresponding to
the independent degrees of freedom relating to the two symmetric matrices representing
the metric and the stress tensor, and ten field equations relating the two. Since there are
four independent functions that can be set by the gauge choice (or equivalently four less
independent gauge invariant variables), there are six independent degrees of freedom which
must be specified to solve the system of equations.
Our calculations of linear perturbation theory are performed by the publicly available
numerical code CAMB . The basic objective is to use this formalism to evaluate the transfer
function T (k, t) relating the density contrast to the primordial perturbations.
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2.2.5 Non-Linear Regime
Since the amplitude of the fluctuations grow with time, linear first order perturbation
theory as described cannot capture the physics of the evolution of fluctuations. These
fluctuations grows from small fluctuations coming together through gravitational collapse,
and in the limit of the largest scales the universe is still homogeneous. This means that at
any time, even at late times, linear perturbation theory may capture the physics of the
growth of fluctuations at very large scales, but be completely inadequate for smaller scales.
It is convenient to define a parameter that will at least give us an indication of length
scales at a given times when linear perturbation theory might be adequate or inadequate.
We can compute the evolution of the density contrast as predicted by linear perturbation
theory transfer function.
δ(x, t) =
∫
d3k
(2π)3
exp(ik · x)δ˜(k, t)
=
∫
d3k
(2π)3
exp(ik · x)T (k, t)δ˜(k) (2.18)
It is convenient to define a smoothed density field on a spatial hyper-surface corresponding
to time t
δ(x, t, R) =
∫
d3x′W (R, x′ − x)δ(x′) (2.19)
where W (x′ − x) is a smoothing kernel which vanishes in the limit of (x− x′)→∞ and
smooths the field over a length scale R. Different choices of the smoothing kernel like the
top hat or Gaussian smoothing kernels are popular. In this work, we shall stick to the top
hat kernel which can be written in Fourier Space as:
W (k) = C, k < ks
= 0, k > ks
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Normalized to unity in real space this gives
W (r, ks) =
3 (Sin(ksr)− ksrCos(ksr))
k3sr
3
(2.20)
One then defines a variance associated with this smoothed density field
σ2(t, R) = 〈δ(x, t, R)δ⋆(x, t, R)〉. (2.21)
This quantity σ(t, R) increases with time, and decreases with increasing length scale R. At
scales where σ2(t, R) becomes of the order of unity, linear perturbation theory certainly
fails.
Lagrangian Perturbation Theory
For mildly non-linear regimes (eg. see Bernardeau et al. (2002) for a detailed review), the
evolution can be described by higher order perturbation theory or Lagrangian perturbation
theory. In Lagrangian perturbation theory, the Euclidean comoving coordinates of a
particle x is given by the sum of a Lagrangian coordinate or initial coordinate q and a
displacement field Ψ(q, t).
x(q, t) = q +Ψ(q, t) (2.22)
From the conservation of mass, this relates the density contrast δ to the Jacobian of this
transformation
1 + δ(x) =
1
det(δij +Ψi,j)
≡ 1
J(q, t)
(2.23)
At first order one uses the Zeldovich Approximation ? Ψ(q, t) = D(t)Ψq where D(t) is the
growth function. Then we can write the above relation as
1 + δ(x) =
1
(1−D(t)λ1)(1−D(t)λ2)(1−D(t)λ3) (2.24)
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Press-Schechter Method
At late times, over small length scales where the variance of fluctuations is large, the
methods like higher order perturbation theory or Lagrangian perturbation theory does not
at all describe the clustering of matter. This is the time and regime where observable
structures are formed. Thus the key question to be addressed by these semi-analytic
methods is to find the number density of gravitationally collapsed objects.
At these scales a useful semi-analytic approximation is one which is based on the toy
model of collapse or expansion of homogeneous over-dense or under-dense regions of
spherical shape, or ellipsoidal shapes. In the spherical collapse model Gunn and Gott
(1972), one takes a Einstein de-Sitter universe Ωm = 1 and use the Friedmann equations to
compute the time tc for the expanding universe to turn around and collapse. Further, since
we know the exact solution to the problem, we can calculate the density contrast exactly.
One can also do the computation in linear theory to get the linearly extrapolated density
contrast δlin(t) = D(t)δ. One then calculates the critical density contrast δlin,c = δlin(tc) at
the time of collapse of the Spherical collapse model, which turns out to be 1.686. One uses
this analogy to motivate a map from the linear to non-linear theory, assuming that in
structures virialize in the regions where the linearized density contrast δlin(t) crosses the
threshold of this critical density.
In order to compute the number density of collapsed objects of a certain mass, one uses the
density field smoothed at some length scale R, and associates the probability
PG(δ ≥ δC |R) = 1
2
(
1− erf
(
δC√
2σ(R)
))
. (2.25)
where erf is the Error Function. This leads to a number density of objects of mass M
n(M) =
√
2
′
ρ0
M2
∣∣∣∣d lnσ(M)d lnM
∣∣∣∣ ν exp(−ν2/2) (2.26)
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where ν = δC/σ(M). The dependence on cosmological parameters is through the derivative∣∣∣d lnσ(M)d lnM ∣∣∣. This is the Press-Schechter method Press and Schechter (1974); Lacey and Cole
(1993)
We shall not use the Press-Schechter method to evaluate the number of collapsed
over-dense regions, but an analogous calculation for under-dense regions. The only
difference is that the critical density contrast in that case is δlin,c = −2.81 Blumenthal
et al. (1992); van de Weygaert and Sheth (2003) when voids are assumed to be formed at
the point of shell crossing.
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2.3 The CMB Anisotropies
A complete description of a radiation field is given in terms of the Stokes Parameters:
{I, Q, U, V } Now, for the CMB, we care about these fields as a distribution in space in
different directions. As we know that the CMB is mostly unpolarized and isotropic, it
means that I(nˆ) is almost constant with a blackbody spectrum corresponding to a CMB
temperature TCMB, with fluctuations that are of the order of 10
−5. While mostly,
unpolarized, a small fraction of the CMB is linearly polarized, while the circular
polarization is expected to be 0. The CMB is expected to have linear polarization induced
by Thomson scattering off electrons. If an electron scatters a number of randomly
polarized photons from a direction ~ni to a direction ~k, the distribution of the polarization
directions of the scattered photons depends on ~ni · ~k. If the distribution of the photons
about the electron is isotropic, the directional dependence of the polarization distribution
of the scattered photons gets integrated over and cancels out. The result is that the
scattered photons are also randomly polarized, ie. unpolarized. However, the photon
distribution about the electron is not isotropic, but has a quadrupole moment for example,
then the directional integration no longer cancels out and the photons retain a net
polarization. Since, such a scattering process does not lead to circular polarization, circular
polarization is expected to be absent at first order.
In order to analyze the fluctuations of the CMB about its mean value, we have to study
the spatial dependence of I, Q, U. and compare the results with the theoretical values. We
need to know the nature of the elements of the Stokes vector under the symmetry
properties of the sky. The subject is extensively reviewed (eg. in Zaldarriaga and Seljak
(1997); Kamionkowski et al. (1997a)) The total intensity and the circular polarization
intensity are both scalars with respect to rotations about the radial direction. However, Q
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and U transform under these rotations by an angle ψ:
Q′ = QCos(2ψ) + USin(2ψ) (2.27)
U ′ = −QSin(2ψ) + UCos(2ψ) (2.28)
This difference between I and Q,U is due to the fact that I is directly related to the
photon density whereas Q,U are related to the direction of the electric field. The difference
in transformation properties will necessitate slightly different mathematical descriptions.
2.3.1 Temperature Fluctuations
Θ(nˆ) =
∆T
TCMB
(nˆ) = almYlm(nˆ) (2.29)
Isotropy of the background means that the correlation 〈Θ(nˆ1)Θ(nˆ2)〉 is a function of the
angles between these points only ie. of the form f(nˆ1 · nˆ2). This implies that we may
expand this function in terms of Legendre Polynominals which form a complete
orthonormal set. Using the addition theorem for spherical harmonics, we may write the
correlation function in terms of a product of spherical harmonics, just like the expansion of
Θ(nˆ1) in terms of spherical harmonics in Equation. 2.29. Comparing the coefficients of
these orthogonal polynomials, we can conclude that the correlation function in spherical
harmonic space is of the form
〈alma⋆l′m′〉 = Clδll′δmm′ (2.30)
We can relate this to the power spectrum in an isotropic and homogeneous universe, by
first relating alm to the fluctuations.
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alm =
∫
dnˆY ⋆lm(nˆ)δ(x)
=
∫
dnˆY ⋆lm(nˆ)
∫
d3k
(2π)3
δ˜(k) exp(−ik · x)
=
∫
d3k
(2π)3
δ˜(k)il4πjl(|k||r|)Y ⋆lm(kˆ)
Using this, we can show that
〈alma⋆l′m′〉 =
∫
d3k
(2π)3
il(4π)jl(kr)Y
⋆
lm(kˆ)
∫
d3k′
(2π)3
(−i)l′(4π)jl′(k′r)Yl′m′(kˆ′)〈δ˜(k)δ˜⋆(k′)〉
=
∫
k2dk
(2π)3
il(4π)jl(kr)(−i)il′(4π)jl′(kr)
∫
dΩkY
⋆
lm(kˆ)Yl′m′(kˆ)P (k)
= (4π)(−1)l
∫
4πk2P (k)dk
(2π)3
j2l (|k||r|)δll′δmm′
The power spectrum refers to the density fluctuations at r and have to be related to the
primordial perturbations through the transfer functions computed using numerical codes.
Since,
δ(k, τ⋆) = T (k, τ⋆)δp(k) (2.31)
Therefore, we can write the angular power spectrum of the CMB anisotropies in terms of
the primordial power spectrum
Cl = 4π(−1)l∆2T (k)j2l (|k||r|)T 2(k, τ⋆) = 4π(−1)l
(∫
k2dkP (k)
2π2
)
T 2(k, τ⋆)j
2
l (|k||r|) (2.32)
The angular power spectrum Cl is the main observable related to the CMB and we shall
compare the theoretically computed spectrum to the data to constrain cosmological
parameters.
At large scales, the transfer function T (k) is a constant, since no causal processes can
change the primordial fluctuations. Thus, the integral over the magnitude of the wave
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number is only over the primordial power spectrum. Thus the integral is of the form
∫
dkj2l (k)
k2−ns
=
√
πΓ ((3− ns)/2) Γ (l + (ns − 1)/2)
4Γ ((4− ns)/2) Γ (l − (ns − 5)/2) (2.33)
In the limit ns → 1 for the scale invariant case, this reduces to (2l(l + 1))−1. Hence, the
CMB angular power spectrum Cl is usually plotted in terms of l(l + 1)Cl. The most
interesting feature of the angular power spectrum due to microphysics are the accoustic
peaks which are imprinted at the surface of last scattering. While these features can be
numerically computed accurately by linear perturbation theory (eg. by CAMB ? or
CMBFAST ?, we can understand the basic physics that gives rise to these features. At times
before recombination, free electrons couple photons (by Thomson scattering) and almost
pressureless baryons (by Coloumb scattering) into a fluid with pressure and sound speed c2s
set by the ratio of photon to baryon density. The evolution of fluctuations in this fluid
described by the fluid equations take on the approximate form of a damped, forced
harmonic oscillator. Without the damping or forcing effects the peaks would be at
multiples of lA =
πDA
s
where Da is the angular diameter distance to recombination and s is
the distance travelled by the sound in the photon baryon fluid. The damping and driving
modify the relations to amplify some of the peaks and shift the positions. Thus, the
position of the peaks as well the ratio of peak heights of the CMB power spectrum depends
on cosmological parameters. This is the basis of defining useful features in the CMB power
spectrum and using the dependence of these features to do cosmological parameter
estimation. We discuss this way of summarizing the information about parameters in the
CMB in the chapter 5.
An important issue is that of cosmic variance. While the CMB power spectrum can be
calculated exactly from theory given a set of cosmological parameters, the data is in terms
of random numbers. Thus, even if there were no instrumental noise, and the CMB signal in
the sky could be accurately measured, one can only make a probabilistic estimation of the
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power spectrum. This is the similar to estimating the variance of a Gaussian distribution
from a finite number of random samples drawn from it. Since, there are 2l + 1 independent
samples alm to estimate Cl, the variance in the estimator
Cˆl =
1
2l + 1
l∑
m=−l
alm.
is called cosmic variance and is given by
σ2l =
2
2l + 1
Cl (2.34)
This gives an idea of how well an ideal experiment can map out the spectrum and an
experiment is said to be cosmic variance limited in a range of l values where this error is
much larger than the instrumental errors. It should be noted, that while the cosmic
variance is traditionally used to signify the theoretical limit to mapping out the spectrum,
the distribution on Cl is quite non-Gaussian for low values of l, but is a fairly good
approximation to a Gaussian distribution for higher values of l.
2.3.2 Polarization Fluctuations
In contrast to the temperature fluctuations, the polarization fluctuations transform under a
rotation about the radial direction according to . While the CMB is largely unpolarized, a
small fraction of the CMB is linearly polarized due to Thomson scattering. The
polarization transforms according to Eqn. 2.27 and is best handled in the combination
Q± iU which transforms as a spin 2 field
(Q± iU)′ (nˆ) = exp(±i2φ) (Q± iU) (nˆ) (2.35)
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Such spin 2 fields may be expanded in spin weighted spherical harmonics ±2Ylm(nˆ)
(Q± iU)(nˆ) =
∑
a±2,lm±2Ylm(nˆ) (2.36)
However, a more useful description is provided in terms of non-local parity even and odd
functions E and B which can be written in terms of ordinary spherical harmonic
expansions Lin and Wandelt (2006)
E(nˆ) =
∑
aE,lmYlm(nˆ)
B(nˆ) =
∑
aB,lmYlm(nˆ)
with the coefficients being defined as
aE,lm = (a2,lm + a−2,lm)/2
aB,lm = i(a2,lm − a−2,lm)/2
We shall use the flat sky approximation of these results in our studies of CMB polarization.
The decomposition into E and B modes is significant since the polarization induced by
Compton scattering of photons at the time of recombination does not produce B modes.
In standard cosmology, B modes are expected to be produced by tensor fluctuations
produced by inflationary models. Thus, it is an important goal of polarization experiments
to detect B mode polarization as a signature for inflation Seljak and Zaldarriaga (1997);
Kamionkowski et al. (1997b).
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2.3.3 CMB Anisotropy: Observations
The nature of CMB anisotropies is the subject of several continuing experimental studies.
The first hint of the anisotropies were visible in the Boomerang and COBE experiments.
The nature of anisotropies of the CMB are being studied by a number of experiments.
We shall discuss a simple model for the CMB experimental setup. The CMB observations
are done by scanning the sky in different frequency channels by a receiver. Assume that at
a time t the receiver points in a direction along nˆ. Then the probability of photons being
received from different directions peaks at nˆ. The instrument is built so that this
probability distribution is axisymmetric and Gaussian to a very high accuracy. Even
though for very high accuracy experiments the deviation from this distribution may be
important for some purposes, we shall only consider the simple Gaussian model. This is
commonly called the beam. The detectors that will finally receive the photons have a noise
level. This is characterized by the noise per pixel on the sky, where the pixels are
discretized bins in a particular direction. Finally, the sky is only partially observed in any
survey. We shall take this into account by using a quantity fsky denoting the sky fraction
observed. In our simple model, the beam width, the noise levels, the sky fraction and the
frequency channels will characterize the CMB survey in question.
2.4 Galaxy Surveys:
The basic idea of devising galaxy surveys is that galaxies are formed in the baryon rich
regions of space. These baryon rich regions are formed in the density peaks of the cold
dark matter clustering. Thus, the galaxy density traces the density of the matter, and this
can be used to estimate the matter power spectrum.
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2.4.1 The Dark Sector: Observational Evidence
Dark Energy: Supernova magnitues
At very late times, one can use the observation of type Ia Supernovae and use the property
that they are ‘standardizable candles’ to construct the Hubble diagram of the late universe.
This was first used to construct the Hubble diagram precisely enough to determine the
de-acceleration parameter q = − a˙
a
by two projects: The Supernovae Cosmology
Project Perlmutter et al. (1999) and the High z Project Riess et al. (1998). They were able
to establish that based on the supernovae observations alone, a model without some new
component with an equation of state w < −1/3 as would be absent in an FRW model with
spatial cuvature, matter and radiation was essential to explain results. Assuming a
cosmological constant, they could show that the data necessitated a cosmological constant
greater than zero. The existence of dark energy is further supported, but harder to
establish by measurements from the CMB or Galaxy Surveys alone.
2.4.2 Dark Matter
The existence of dark matter is necessitated at different length scales. At the galactic
scales, it is found that the Newtonian limit of General Relativity expected to hold in that
regime combined with the masses estimated from the luminous matter do not reproduced
the observed rotation curves of galaxies which depict the tangential velocities at different
distances. The data can be matched to the theory if one postulates the existence of ‘dark
matter’ a substance that otherwise behaves like matter but is not luminous and does not
have the interactions with standard model particles. One can also use galaxy surveys to
show that the density of matter required for the structures formed in the universe is much
higher than the matter density of luminuous baryons or the baryon density indicated from
Big Bang Nucleosynthesis. The CMB accoustic structure differentiates between dark and
baryonic matter, as dark matter interacts with photons only gravitationally, while baryonic
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matter interacts with photons through electromagnetic coupling. This difference is
important in the structure of accoustic peaks. The most dramatic effect of dark matter in
recent times has been seen in gravitational lensing, where the gravitational potential of
matter (both baryons and dark matter) is traced by lensing while only baryons emit
observable X-Rays. This is most distinct in merging clusters such as the Bullet Cluster,
where the interacting baryons are stopped as a result of the collision, while the
non-interacting dark matter passes through resulting in a separation of these forms of
matter which has been detected.
2.5 Alternative Ideas
As has been referred to before, the existence of the dark sector is an important result of
cosmological observations. This is an example of the use of cosmological observations in
establishing physics by studying new length scales, the new physics not having any
observable effect at scales explored in the laboratories. In this regime then, it is
particularly important to discuss how reliable the assumptions used are, their status and
prospects of observational verification, and how robust the results are to deviations from
these assumptions.
The main ideas underlying the claim of dark energy are the use of Einstein’s equations of
General Relativity, the FRW metric, and the knowledge of constituents of the universe. We
shall discuss the status of these ideas separately.
2.5.1 The Isometries of the FRW metric
The FRW metric is isotropic and homogeneous. This may be checked by looking for a
spherical symmetry about a particular point. While there may be no good reason for that
point to be a special point, it is harder to actually verify this observationally. Both the
conditions together are equivalent to being isotropic about every point.
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The CMB has been measured to be extremely isotropic (with the temperature associated
with the number of photons coming from different directions being the same to within
about one part in 105. The question of isotropy about other points is harder to determine.
Backreaction
A related issue is that of backreaction, which is a problem even if the matter densities in
the universe are really homogeneous and isotropic when averaged over large scales. The
distribution of visible matter is certainly not homogeneous and isotropic over small scales.
From the field equations of General Relativity, this implies that the large scale average of
the Einstein Tensor must be sourced by this homogeneous matter density. Since the field
equations of General Relativity are not linear in the metric elements, this does not imply
that the metric itself has these approximate symmetries.
2.5.2 Modifications of Gravity
An often studied question is whether the inferences of dark matter and dark energy are
actually indicative of a breakdown of the laws of gravity, and therefore a proof of new laws
of physics rather than a proof of existence of undiscovered constituents.
MOND
Attempts to modify the laws of gravity to fit the data for galaxy rotation curves have led
to Modification of Newtonian Dynamics (MOND) where the main idea was that the
gravitational ‘force’ depends on the acceleration of a test particle, and the force law
deviates from the Newtonian form if the magnitude of the acceleration is below a certain
cutoff a0. a0 is below the usual scales of acceleration measured, while it is the order of
acceleration expected at the galactic edges.
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Modified Gravity and Dark Energy
It is unclear whether the late time acceleration of the universe is due to a new constituent
of the universe like dark energy, or whether it is due to the laws of gravity being different
from General Relativity. If the laws of gravity only deviated from General Relativity at
large scales then it would not be possible to detect this from other experiments.
The most popular examples of models of dark energy involve scalar fields rolling on a flat
potential. Examples of attempts to modify gravity to generate acceleration at late times
include adding Ricci Scalar dependent functions to the Lagrangian density, or due to
braneworld models embedded in higher dimensions. Since, no observation contradicts the
laws of gravity based on General Relativity, all of these aspiring theoreies must reduce to
General Relativity in the limit of smaller scales (at least to the extent verified by
observations) or must additionally require a mechanism to do so. On the other hand, given
a particular form an experimental form acceleration of the universe at different redshifts, it
may be possible to have both dark energy and modification of gravity models that can
model it. From, a scientific point of view, it is therefore hard to implement a single test
that will certainly discriminate between all possible forms of ‘modification of gravity’ and
all forms of ‘dark energy’. However, there may be characterestics such as the presence of
shear, that are much easier to produce in models of modified gravity than in a Lagrangian
with scalar fields.
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2.6 Parametrizing the Dark Sector
In the previous sections, we have explained the standard ΛCDM model of cosmology, the
free parameters needed to describe it, and its current observational status as being the
minimal model that explains observations. On the other hand, we have stressed that it
requires a dark sector whose properties are not well understood theoretically and since
these are not studied in other experiments, it is useful to constrain their phenomenology
from cosmological observations.
In this thesis, we shall study the phenomenology of dark energy, assuming that dark
matter is composed of idealized collision-less cold dark matter particles. We do this by
assuming that dark energy is a fluid. Thus, we have to specify its properties in terms of an
equation of state. Clearly, it is desirable that this fluid should nest the case of a
cosmological constant, for which the equation of state would be −1. In various physical
models of dark energy, such as those of different scalar fields the equation of state is more
general, and in principle varies with time. While the cosmological constant is a very good
fit to the current data, we want to study what other models are allowed. No matter what
the physics behind dark energy is, we shall imagine that it can be emulated by a dark
energy fluid with a time dependent equation of state, and a speed of sound. It is useful to
choose a parametrization which will capture some general characteristics of such models. It
is therefore useful to generalize the equation of state to some functions that will nest the
cosmological constant case. Of course, the choice of such a parametrization is somewhat
arbitrary. A straightforward generalization is a constant value of w. A more ambitious
parametrization is a parametrization that depends on the redshift with two free
parameters. Of these the most popular one is the CPL parametrization, which we will use.
w(a) = w0 + (1− a)wa (2.37)
Unlike the case of w(z) = w0 + w1z, where any small value of w1 causes the equation of
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state to have a large magnitude at the time of the recombination, the CPL parametrization
has the advantage that the equation of state does not increase indefinitely with redshift.
Obviously, there is no reason to believe that the parametrization is a good model of the
real dark energy model. However, this parametrization depicts a certain kind of change in
the equation of state. Therefore, various parts of the w0, wa phase plane are actually
reasonable approximations of different models. The advantage of parametrizations that
nest the cosmological constant model is that one can see what the constraints on w0, wa
are. While the errors on the w0, wa and the implied error levels on w(a) might not match
the values in a different parametrization, the error levels themselves may not necessarily be
significant. However, if the point −1, 0 is not included in the constraint regions, implying
that the cosmological constant model can be ruled out, that conclusion is still correct.
Such fluid model of dark energy changes the evolution equations of perturbations in two
ways. First, we have to account for the changes to the background expansion due to
different terms in the Friedmann Equations since the contribution due to dark energy is
now ΩDE(1 + z)
3(weff+1) rather than simply ΩDE. As long as the dark energy fluid is
assumed to be not interact with the other fluids, the evolution of its density is given by the
solution to Eqn. 2.7.
Secondly, dark energy contributes a different pressure p(a) = (w0 + (1− a)wa) ρDE from
before which sources the equations of motion for other particles. Finally, in order to treat
dark energy as a fluid rather than as a cosmological constant, we need to allow for
fluctuations in dark energy itself. A fluid has finite compressibility, which means that in an
inhomogeneous (due to clustering of matter) universe, this fluid, even if initially smooth,
will cluster in local gravitational potential wells. This clustering is parametrized by the
parameter c2s =
δp
δρ
which describes the speed of propagation of sound in the fluid.
The values of parameters depend on the frame of the evaluation, and it is convenient to
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write the speed of sound in the rest frame of the dark energy fluid.
δ˙q = −3H
(
c2s − w(a)
) (
δDE + 3H(1 + w(a))vDE
k
)
− (1 + w(a))kvDE + (1 + w(a))kz
−3H2awavDE/k (2.38)
θ˙q = −H(1− 3c2s)vDE + kc2sδDE/(1 + w(a)) (2.39)
The speed of sound needs to be specified. This can be a function of time and length scale
k. Just like the equation of state, this also requires a phenomenological parametrization.
In the absence of more information, it is usual to take c2s to be a constant which would be
the speed of light for a scalar field. The deviation of c2s from the speed of light is hard to
detect with current data, except when the value of the speed is extremely close to zero.
The term proportional to c
2
s
1+w(a))
diverge at w(a) = −1. This does not arise in the
cosmological constant model as there are no dark energy perturbations. However, in a
varying equation of state such as the CPL model, this is a problem when the equation of
state crosses −1. This has been referred to as crossing the “phantom divide”. The correct
behavior can be predicted in such a model by using the correct values of c2s and the
behavior of the equation of state. For example it has been suggested that if the speed of
sound goes to zero at the same time when w(a) + 1 goes to zero, there will be no
divergence. We model this by assuming that there is some physical mechanism that
controls the divergence, so that the evolution of perturbations is not decided at this point.
We follow a naive and common practice of replacing the term kc2s
δq
1+w(a)
by kc2s
δq
1+w(a)
ǫ−2
when |w(a) + 1| < ǫ so that this term is continuous.
Implementing these equations alongside those in CAMB for the ΛCDM model, we can
compute the CMB and matter power spectrum for different cosmological parameters with
such a dark energy. There are regions in parameter space far away from the standard
model, where the power spectrum becomes significantly different from the observed one,
and we do not try to compute the spectrum in that region. This implementation will be
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used to provide the theoretical computations of observables to compare to data in studying
estimates of cosmological parameters using Monte-Carlo samples.
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Chapter 3
Parameter Estimation: Methods
We have discussed how a standard cosmological model with some free parameters can lead
to observable predictions. We have also discussed how the values of these free parameters
may be related to interesting physics. Further, some aspects of the cosmological models are
simply convenient and simple choices, and may have richer phenomenology that need
additional parameters to describe. Thus, inferring the values of these parameters is
essential to our study of cosmology. In this chapter, we shall discuss the methods of
constraining parameters from observations that we shall use use in the rest of the thesis.
There are three classes of problems that are of interest here
1. Estimation from Data: Suppose we have data from certain kinds of surveys. What is
a way of comparing this to the predictions from different models to estimate what
the probable values of the model parameters are.
2. Forecasting of Constraints: If we know the parameters describing the capabilities of
an experiment or survey, how well can we forecast the constraints on the parameters
in the model.
3. Model Selection: If there are two different model, what methods can we use to
discriminate between them on the basis of observations and theoretical
understanding. For nested models, where one model reduces to the other for a
particular value of its parameters or the model space is extended by deviations from
this value of a new parameter, this question can be answered by studying the values
of the additional parameter by the first method.
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For non-nested models which do not have such simple extensions, this is not possible
and one must resort to other methods. We shall not discuss model selection of
non-nested models in this thesis.
In terms of the methods we use, we shall first discuss Bayesian Parameter Estimation
which is quite appropriate to study parameter constraints when the data is available. We
shall also discuss the counterpart of the Frequentist method for this. Finally, we shall
discuss methods of forecasting.
3.1 Bayesian Parameter Estimation
In this section we shall discuss the method of parameter estimation in Bayesian Statistics
generally. We shall consider a model determined by a collection of parameters Θ with
quantities of interest q related to Θ. A Likelihood Function L(d|Θ) describes the
probability of obtaining a data set d for the model with parameter values Θ. In Bayesian
Statistics, one treats Θ as a random variable, and a probability distribution over Θ
expresses the knowledge about this quantity. The knowledge about Θ before the
experiment is expressed in terms of a prior probability P (Θ) while the knowledge obtained
from the experiment combined with the prior knowledge is expressed as the posterior
distribution P (Θ|d). Using Bayes Theorem, one can then write
P (Θ|d)P (d) = P (d|Θ)P (Θ) (3.1)
The quantity P (d) is called evidence, and is relevant for a discussion of model selection,
but for parameter estimation, this is a constant independent of Θ and essentially a
normalization. Therefore, all interesting information is contained in the posterior
distribution.
As any probability distribution in statistics, one can write the posterior distribution as an
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expansion in terms of moments. However, in cases of our interest the posterior distribution
will not be very close to a Gaussian distribution. Therefore a summary in terms of the first
few moments the mean and the variance will be insufficient for our purposes, and we would
want to study the shapes of the posterior distributions. A somewhat more informative way
of summarizing the posterior distribution is to construct contours of equal values of the
posterior probability in the space of the model parameters. Following the usual convention,
we shall then visualize the constraints on parameters through such contours which enclose
68% or 95% probability, when marginalized over the other parameters of the model. These
contours are often called 1 sigma and 2 sigma contours, since in a one dimensional
Gaussian distribution, the region between a standard deviation above the mean and a
standard deviation below the mean has a probability of 68%.
3.2 Frequentist Parameter Estimation
From a frequentist point of view, the model has a certain set of parameters Θ which is
fixed, and the data d is a random variable since it is the sum of the observable quantity
which is a function of Θ and a random noise function n. One then defines an estimator
Θˆ(d) which is a function of the data. In order for an estimator to be a good estimator, it
should satisfy some of the most desirable properties
1. unbiasedness which means that the expectation value of the estimator under the
distribution function of the random noise n is equal to the fixed set of parameters.
〈Θˆ〉P (n) = Θ (3.2)
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2. Minimum Variance Estimator which means of different estimators possible, it is
desirable to choose one with the smallest variance.
〈
(
Θˆ− 〈Θˆ〉
)2
〉 (3.3)
It should be pointed out that such conditions are often satisfied only in some limit. For
example the Maximum Likelihood Estimator which is popularly used in many ways, is only
unbiased in the asymptotic limit of infinite data.
We shall have occasion use such frequentist estimators in Chapter. 7 where we shall look
for an estimator of the angle of rotation of the CMB polarization from CMB data by
constructing the class of quadratic estimators of such angles and minimizing the variance
due to noise.
In order to estimate parameters, and errors on the parameters, one constructs confidence
intervals. Suppose the value of the parameter Θ in nature is equal to a fiducial value of the
parameters. Then on repeating an experiment a large number of times, one would obtain a
distribution of the values of the estimator, since the data is a random variable. A 68%
confidence interval is then defined by the values of Θ that map out the equal values of this
distribution of the estimator enclosing 68% of the probability. This may be interpreted in
the following way: if the experiment was repeated a large number of times, and the value
of Θ in nature was the fiducial value, then the estimator would lie within these confidence
levels 68% of the time. While this is a statement about the estimator, it does not directly
answer the question of what the true value of Θ in nature is, but only implicitly gives
information about this value and our knowledge of it.
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3.3 Exploring Probability Distributions
The likelihoods that will be of interest in supernovae, CMB and large scale structure
experiments are best calculated numerically. Therefore the shapes of the posterior
distribution, which we want to study, are not possible to study analytically. Here we shall
discuss general methods of exploring such probability distributions using Markov Chain
Monte Carlo methods.
Consider a probability distribution P (Θ) that we want to explore. Given any value of Θ,
we can calculate KP (Θ), that is to say we can compute the probability up to an unknown
constant K. Our objective is to convert this into a computation of the the probability
P (Θ).
3.3.1 Grid Evaluation
A naive way to solve this problem in principle is to map out the function KP (Θ) for all
values of Θ, where P (Θ) is not negligible. Then using the condition that the probability
P (Θ) must integrate to unity, we can perform the integration
∫
Θ
dΘKP (Θ) numerically
and equate the result to unity to determine the constant K. This gives us the required
values of P (Θ). This is easy to implement if the number of parameters (the dimensionality
of Θ) is small. However, for a large number parameters, this is difficult due to what is
known as the ‘curse of dimensionality’. If, for each component of Θ, mapping out the
probability function requires the evaluation of KP (Θ) at m grid points, then for a D
dimensional vector Θ, mapping out the probability distribution would require mD
evaluations. This exponential growth makes the evaluation of the probability using this
simple technique computationally expensive.
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3.3.2 Markov Chain Monte Carlo
The probability can be computed less expensively using Markov Chain Monte Carlo
methods where we shall aim to obtain independent samples of the probability distribution.
To understand the general idea of the Metropolis-Hastings algorithm Metropolis et al.
(1953); Hastings (1970)to do this, let us start by considering a different problem. Consider
a particle moving in the space of Θ at definite time steps under some stochastic rules we
shall specify. So, starting at some initial point Θ0 at time t = 0, the particle moves from
Θi−1 to Θi at time t = i according to some probability P (Θi−1 → Θi) = f(Θi−1, i). We
shall assume that the stochastic rules are such that the particle can move to any point in
the region of interest, even if the probability of moving to the point is small. Now, at any
time t, one can associate a function
F (Θ, t) =
t∑
i=1
δ(Θ−Θi).
Then at large times t≫ 1, one expects that F (Θ, t) is not dominated by the initial
position Θ0 but by the dynamics. Between any two times t1 and t2 the quantity
F (Θ, t2)− F (Θ, t1)
t2 − t1
represents the fraction of time spent at Θ in that time interval. Given a probability
distribution P (Θ), is it possible to choose the stochastic rules of dynamics such that for
time intervals at some large time the fractional time discussed approaches P (Θ), ie.
∀ t1, t2 ≫ 1, F (Θ, t2)− F (Θ, t1)
t2 − t1 → P (Θ)? (3.4)
With the motion of the particle, the function F will change with time, unless at some
point, the fractional time at all Θ becomes stationary. We want to arrange the stochastic
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rules so that the Let us assume that during some time, the probability of finding the
particle in a volume dΘ around Θ is Q(Θ)dΘ. If the dynamics is determined the
probability of moving to the volume dΘ around Θn+1 from Θn is T (Θn+1|Θn)dΘn+1. While
there are several possible stationary solutions, a particularly simple one to set up is the
condition of detailed balance. At a time when the probability of the particle is Q(Θ), the
probability of the particle to be at Φ is given by T (Φ|Θ)Q(Θ). If the probability density Q
satisfies detailed balance, then
T (Φ|Θ)Q(Θ) = T (Θ|Φ)Q(Φ) (3.5)
In order to achieve our objective for the target probability distribution the probability
distribution P (Θ) we wanted to explore should satisfy this equation and the transition
probability T should be chosen to achieve this.
In the Metropolis-Hastings algorithm, this is achieved by splitting the probability density
into a proposal density Pr(Θn+1|Θn) and an acceptance ratio α(Θn+1|Θ) to satisfy this
condition. The proposal density may be chosen arbitrarily, as long as it allows the particle
to move to all interesting parts of the space. The acceptance ratio is defined to be
α(Θn+1|Θn) ≡ Min (φ(Θn+1|Θn), 1) φ(Θn+1|Θn) = P (Θn+1)Pr(Θn+1|Θn)
P (Θn)Pr(Θn|Θn+1) (3.6)
Different proposal densities are best suited in terms of computational efficiency of
converging to such a stationary solution, depending on the form of the target distribution.
The choice of the proposal densities define various algorithms under the umbrella of the
Metropolis-Hastings.
Since we shall spend considerable time using Markov Chain Monte Carlo engines based on
Metropolis-Hastings algorithms to explore posterior distributions, we shall discuss some
aspects of their use in practice. The discussion above was in terms of a single particle, and
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it was assumed to have a very large number of steps. A computer simulation of this one
particle dynamics is a Markov Chain, since the probability of going to a different point is
determined only by the current point and not by the history. This is done by starting off
the chain at a randomly chosen initial position (initial particle position), and proposing a
move by drawing a random point using the proposal density. The acceptance ratio is
computed for the move, and a random number is drawn from U(0, 1). If this random
number is less than the acceptance ration, then the move is accepted so that the chain
moves to the proposed point. Else wise the move is rejected so that the chain remains at
the same point. This procedure leads to correlated samples from the target probability
distribution, and it is necessary to ‘thin’ the chain by discarding several consecutive points
in the chain to keep only well-separated points to form a set of independent samples. It is
easy to setup proposal densities that accept points easily and therefore moves fast, however
such choices often produce a large number of correlated samples and not as many
independent samples. A good choice of the proposal density is such that it produces a
large number of independent samples in a certain time. A proposal density which
approximates the target likelihood is useful, but (a) the target is not known apriori and (b)
the proposal density requires frequent evaluations so that it is useful to have proposal
densities that are easy to sample. In most of our work, we use proposal densities that are
Gaussian (and so symmetric) about the current point. It is usual to run more than one
such chain in parallel; these chains are independent and so the process is embarrassingly
parallel. The chains themselves are finite in length. Therefore, a common practice is to
discard a certain number of initial points which are more representative of the initial
conditions than the dynamics.
In cosmology engines using such algorithms are publicly available in the form of codes like
CosmoMC Lewis and Bridle (2002) and CMBEASY Doran (2005). We modify CosmoMC
appropriately to apply to the problem of interest. We shall use it to derive independent
samples of posterior distributions of several experiments.
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3.4 Forecasting Parameter Constraints
In the current age a large number of probes with different strategies are being proposed to
study extensions to the standard model of cosmology. These are mostly directed at
understanding the nature of dark energy, the physics that seeded the initial conditions, and
the dynamics of processes in the late universe which are modeled extremely simply today.
Given the technical and financial limitations, one must choose between the proposed
projects to find those strategies that would advance our understanding the most. To do
this, one must be able to forecast the capabilities of proposed projects in these directions.
We shall discuss such methods of forecasting the level of errors. Our work will involve
forecasts for future survey like PLANCK, DES (supernovae), LSST, SDSS and EUCLID.
3.4.1 Fisher Information Matrix
A standard way of forecasting parameter constraints from future experiments is the Fisher
Information Matrix. For example, the Dark Energy Task Force (DETF) uses the Fisher
Information matrix to classify the usefulness of surveys by comparing the size of Fisher
constraints on w0, wa by computing the determinant. We shall follow Tegmark et al.
(1997)discuss the method of forecasting using Fisher matrices.
Consider the logarithm of the likelihood L(d|Θ) = ln(L(d|Θ). The Fisher Information
matrix is given by
Fij =
〈
∂L
∂Θi
∂L
∂Θj
〉
=
∫
dsL(s|Θ)∂ΘiL(s|Θ)∂ΘjL(s|Θ)
= ∂Θi
∫
dsL(s|Θ)∂ΘjL(s|Θ)−
∫
dsL(s|Θ)∂Θi∂ΘjL(s|Θ)
= ∂Θi∂Θj
∫
dsL(s|Θ)−
∫
dsL(s|Θ)∂Θi∂ΘjL(s|Θ)
=
〈
− ∂
2L
∂Θi∂Θj
〉
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where the expectation is taken over the data, or equivalently the noise.
In cosmological parameter estimation, the importance of the Fisher Information Matrix is
mostly due to the Cramer Rao Bound, which may be derived using the Schwartz inequality
with the choice of functions u = ∂θL, and v = Θˆ− 〈Θˆ〉. If the estimator Θˆ is unbiased, we
can write ∂Θ〈Θˆ〉 = 1, so that
〈uv〉2 ≤ 〈uu〉〈vv〉
1
〈∂ΘiL(s,Θ)∂ΘjL(s,Θ)〉
≤ V ar(Θˆ)
Therefore the Fisher estimate (F−1)ii provides a lower bound for the variance of any
unbiased estimator Θˆ for the cosmological parameter Θi . For future experiments, a
popular way of estimating the uncertainties on cosmological parameters is by considering
the Fisher Matrix as an estimate of the inverse covariance matrix.
In most cases of interest, the likelihood functions that we shall consider involve Gaussian
noise in the observables, such as supernovae magnitudes or CMB angular power spectra. If
the Gaussian has a mean µ and a covariance C, the evaluation of Fisher matrices simplifies
to
Fij =
〈
− ∂
2L
∂Θi∂Θj
〉
= −1
2
Tr
(
AiAj + C
−1Mij
)
(3.7)
where Ai = C
∂C
∂Θi
and Mij =
∂µ
∂Θi
∂µT
∂Θj
+ ∂µ
∂Θj
∂µT
∂Θi
. The situation simplifies further in the cases
of our interest (CMB surveys and Supernovae surveys), where either µ (in case of CMB) or
C (in case of Supernovae) are independent of the cosmological parameters.
We shall use Fisher matrices to forecast constraints for the CMB observations from the
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PLANCK satellite. We use the Fisher matrix elements Eisenstein et al. (1999)
Fij =
∑
l
∑
X,Y
∂CXl
∂Θi
(Covl)
−1
XY
∂CYl
∂Θj
(3.8)
(Covl)TT =
2
fsky(2l + 1)
(CTl + w
−1
T B
−2
l )
2
(Covl)EE =
2
fsky(2l + 1)
(CEl + w
−1
P B
−2
l )
2
(Covl)BB =
2
fsky(2l + 1)
(CBl + w
−1
P B
−2
l )
2
(Covl)CC =
2
fsky(2l + 1)
(
(CCl )
2 + (CTl + w
−1
T B
−2
l )(C
E
l + w
−1
P B
−2
l )
)
(Covl)TE =
2
fsky(2l + 1)
(CCl )
2
(Covl)TC =
2
fsky(2l + 1)
CCl (C
T
l + w
−1
T B
−2
l )
(Covl)EC =
2
fsky(2l + 1)
CCl (C
E
l + w
−1
P B
−2
l )
where we assume a Gaussian beam with a window function
B2l = exp(−l(l + 1)θ2beam/8 ln(2)) and wT or wP are the noise per pixel in the instrument.
For multifrequency experiments, the noise is added in inverse.
For supernovae, we use the expression for the Fisher matrix
Fij =
∑
k
∂m(zk,Θ)
∂Θi
1
σ2k
∂m(zk,Θ)
∂Θj
(3.9)
where m(zk,Θ) is the theoretically computed apparent magnitude for the kth supernovae
at redshift zk, and σk is the error in determination of the apparent magnitudes.
In terms of forecasting one essentially adopts the distribution in Θ−Θfid to be Gaussian
with a covariance given by the inverse of the Fisher matrix, where Θfid is the set of fiducial
parameters where the derivatives are evaluated. This provides an estimate of the most
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optimistic constraints on cosmological parameters from an experiment. Such an estimate
can be realized if a maximum likelihood estimator exists in the limit of high signal to noise
ratio. This can be seen by expanding the log likelihood in terms of a Taylor series about
the maximum likelihood estimate of the parameters ΘML. Since the term linear in the
deviation from the maximum likelihood estimate vanishes this expression is dominated by
the quadratic term in this limit. With Θfid is taken to be the current set of best fit
parameters, this is a standard way of forecasting how well a future experiment can
constrain cosmological parameters. We shall use such Fisher matrices to combine
information from supernovae and CMB experiments with the information gained from
voids. In Chapter 4, we discuss other methods to forecast cosmological parameter
estimates.
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Chapter 4
Forecasting Cosmological Parameter
Estimates: Beyond Fisher Matrices
The use of Fisher matrices has resulted in good estimates for several surveys. Moreover,
the computation is quite fast as it involves derivatives (which are often taken numerically)
only at the fiducial value of the parameters. However, there are a few issues with accepting
these estimates at face value.
• Choice of Fiducial Parameters: it has been noted that the Fisher matrix depends on
the value of the cosmological parameters (fiducial model) at which it is evaluated.
Clearly, the correct fiducial values are not known to us, so this could be a problem if
the Fisher matrix is overly sensitive to the choice of fiducial parameters.
• Un-constrained parameters: For parameters that are not well constrained by the
data, we do not have high signal to noise ratio. Therefore, the likelihood of the
experiment does not match the Gaussian likelihood constructed from the inverse
Fisher matrix. For example the the shapes of parameter constraints obtained from
the likelihood (for example by the method of exploring probability distributions we
discussed) would be different from that obtained from the ellipsoidal likelihoods
obtained from Fisher matrices.
The first problem can be addressed by taking the average over different values of Θfid, as is
done in the context of finding a good figure of merit in Bassett (2005). We shall
concentrate on the second problem.
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4.1 Using Mock Data
A first approach will be to use the likelihood to find Bayesian posteriors using mock data.
The mock data is simulated to have the sort of noise and observations expected in the
future survey. We shall explicitly apply this for experiments like LSST and PLANCK.
4.2 Bayesian Forecasting
The Bayesian method for forecasting parameter constraints follows mostly from the
definition of various Bayesian quantities. Consider a set of experiments that have already
been performed. We have discussed how the results of these experiments can be used to
construct the posterior distribution of the model parameters. Let us denote the data of
this set of experiments to be d1, the likelihood by L1(d1|Θ) and the posterior distribution
by P1(Θ|d1). The set of future experiments that we are interested will have a likelihood
L2(d2|Θ) yield data d2, and will have a posterior P2(Θ|d2). Since, we do not have d2 yet,
we cannot compute the posterior P2(Θ|d2). However, using the likelihood L2(d2|Θ), we can
define the expected moments or width of P2(Θ|d2).
This quantity is
〈〈Θ2〉P2 − 〈Θ〉2P2〉d2 =
〈∫
dΘ(Θ−Θpf)2P2(Θ|d2)
〉
d2
; Θpf = 〈Θ〉P2 (4.1)
=
〈∫
d(d2)L(d2|Θpf) (Θ−Θpf)2 P2(Θ|d2)
〉
Θpf
(4.2)
=
∫
dΘpfP1(Θpf |d1)
∫
d(d2)L(d2|Θpf) (Θ−Θpf)2 P2(Θ|d2)(4.3)
where the order of integration must be maintained.
The integrals can be done using the following steps.
1. One draws samples from the posterior distribution for the set of experiments for
which data is available.
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2. For each of these samples from the posterior distribution, one can compute the values
of the observables for each experiment. Using the likelihood function for the future
experiments, one can simulate sets of data scattered about the signal for the
cosmological parameters.
3. For each of these we compute the posterior distributions, and compute the equivalent
covariance for each of these posteriors. Finally, we take the average to find the
expected width of the future posterior.
4.3 Supernova Likelihoods
Consider a data set which lists the correct redshift of the supernovae ~z, their measured
magnitudes ~m. Also, we assume that the errors in measuring the magnitudes are Gaussian
distributed with the standard deviation for each supernovae known to be σm before the
process of estimating cosmological parameters. Such a dataset could arise, for example, if
the redshifts were determined from spectroscopic data; as the error in determining the
redshift is extremely negligible (∼ 10−4), while the apparent magnitude was measured by
fitting light curves with the errors ~σm In principle, it is possible that errors due to
light-curve fitting also depend on the cosmological parameters, but we shall ignore this
here. Further we shall assume that the supernovae measurements are independent,
ignoring correlations between the measurements for now.
The basic idea of estimating cosmological parameters from Type Ia supernovae is that
Type Ia supernovae are standardizable candles, and have a uniform absolute magnitude M,
which is not known. From the assumption of Gaussian distributed errors in the
measurement of the apparent magnitudes, one can write down the likelihood L˜(m|θ, σm, z)
for observing a single supernova of measured apparent magnitude m at a redshift z given
the errors, and the set of cosmological parameters θ, by comparing with the theoretically
computed values of the magnitudes m(z, θ) as a function of the redshift z, and the
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cosmological parameters θ, as also the absolute magnitude M which is a nuisance
parameter. The likelihood must be marginalized over the absolute magnitude M . It turns
out that M and Log(H0) are degenerate. Hence, after this marginalization, all information
about the Hubble constant is lost.
4.3.1 Likelihoods with Photometrically Determined Redshifts
Let us consider the example of supernovae with photometrically determined redshifts. In
this case the redshift of the supernovae is not accurately known, but given the photometric
measurements, one can determine a probability distribution of possible values of the
supernovae redshift P (ztrue|zphoto). In practice this distribution can be rather
non-Gaussian, but it is common to approximate this distribution by a Gaussian
distribution with a standard deviation σz(zphoto) = 0.01(1 + z).
Since the theoretical computation of m(z, θ) depends on the redshift, this can propagate
the redshift error into the theoretical computation. Using Bayes theorem, this error can be
accounted for by writing the likelihood for a single supernova with a measured apparent
magnitude m at a photometrically measured redshift zphoto as
L(m|θ, zphoto) =
∫
dztrueL(m, ztrue|θ, zphoto) =
∫
dztrueL˜(m|θ, ztrue)P (ztrue|θ, zphoto) (4.4)
At present, we will work with this approximation, but try to extend our formulation to
include more general distributions.
Linear Approximation
For a single supernova of observed magnitude m, the first factor of the likelihood is
function of (m(z)−m), and can be Taylor expanded about a value of z. If the probability
distribution P (~z, ~zphoto) is centered about zphoto, it is sensible to expand m(z) about zphoto.
We expand to first order, so that m(z, θ,M) ≈ m(zphoto) + dmdz (z − zphoto) . At first order, it
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is easy to analytically integrate the the likelihood for each photometric redshift zphoto, if
the distribution P (z|zphoto) is Gaussian to get an effective Likelihood which is Gaussian in
the variable m−m(zphoto) with a variance of σ2m + dmdz |zphotoσ2z . This likelihood uses a few
approximations: first, it uses an integration over ztrue from (−∞,∞) which is unphysical,
and a linear approximation to the magnitude as a function of redshift at each point.
However, the integrand only has support over a small range of ztrue values from
P (ztrue|zphoto), which has a characteristic size of σz . 0.02 in the range of interest, and this
justifies both the issues above. We check the validity of the approximation by evaluating
the integral Eqn. 4.4 numerically with the integration variable z in the range (0.01, 4). This
is done with for a flat ΛCDM model with fiducial parameters ΩΛ = 0.7, H0 = 70, w = −1,
and σm = 0.12 and the comparison shown in Fig. 4.3.1, shows that the linear
approximation is quite good in the region of interest.
4.4 Using Mock Data to Forecast Constraints for
LSST
We shall now use the approach described in Sec. 4.1 to forecast constraints for the LSST
supernova survey. The LSST supernova survey will discover over ten million supernovae
during ten years of operation, and photometrically detect about 50,000 Type Ia
Supernovae a year at a mean redshift of 0.45 and maximum redshift of around 0.8. This
allows having several subsamples, based on similar environments or directions for analysis.
We are interested in constraints for a flat cosmological model without combining other
observations. In order to do this for different numbers of supernovae, we use an expected
distribution of detected supernovae from the calculations in the draft versions of the LSST
Science book described in Fig. 4.2, and simulate the mock data using a set of fiducial
parameters {ΩΛ = 0.7, H0 = 70}. We assume that the intrinsic dispersion on the
magnitudes from light curve fitting would be of the order of 0.12 and the Gaussian error on
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Figure 4.1: The solid line shows the Gaussian distribution with the effective standard devi-
ation according to the linear model. The dots show the likelihood computed by numerically
integrating Eqn. 4.4
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Figure 4.2: Redshift Distribution of Supernovae used for the forecasts of parameter con-
straints using LSST
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the determination of the redshift using photometry is 0.01(1 + z), and use the linear
approximation for the Likelihood with photometric errors described above.
4.4.1 Results
For a dark energy model with a constant equation of state, the parameters constraints are
shown for subsamples of 10000 supernovae in to constrain the equation of state w to about
0.1 if spectroscopic were to be available, but to estimate cosmological parameters from
supernovae only without any priors. For 10000 supernovae, the joint constraints on the
equation of state w and the matter density ΩM assuming spectroscopic and photometric
errors are shown in Fig. 4.3, while Fig. 4.4 shows the error on the equation of state w
marginalized over the ΩM . All the results are marginalized over other cosmological
parameters. No systematic floor has been assumed in this calculation. The LSST will have
about 50 such independent samples, and the consistency of these samples can be used to
study possible systematic effects such as evolution of supernova properties.
We then extend our study to the time dependent equation of state in the CPL model
assuming a spatially flat universe. The joint constraints on the dark energy equation of
state parameters w0, wa obtained from a year of LSST observations are shown in Fig. 4.5
for spectroscopic and photometric errors, marginalized over other cosmological parameters.
The shapes of the contours, which are similar to previous studies of flat CPL models using
supernovae (eg. Goliath et al. (2001)) are clearly complicated and cannot be captured by
ellipsoids from Fisher matrices. We then use study joint forecasts for both the LSST
supernovae and the PLANCK CMB experiment for the flat CPL model to obtain Fig. 4.6.
This shows that using complementary observations makes the likelihood a much better
approximation to a Gaussian likelihood.
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4.5 Bayesian Forecasting: Example
To demonstrate the method of Bayesian forecasting, we use the method to forecast the
joint constraints on cosmological parameters by combining information from future two
future experiments: a CMB experiment like PLANCK and a supernovae survey similar to the
Dark Energy Survey Supernova Survey. For the likelihood of the CMB experiment, we use
survey parameters found in the PLANCK Blue Book. For the supernova survey, we assume
that about 1300 supernovae will be detected with a redshift distribution described in
Fig. ??. We also assume that the intrinsic dispersion in this experiment will be of the order
of 0.15 magnitude.
We therefore follow the steps outlined for a dark energy model with a constant equation of
state w, using the set of cosmological parameters
Θ = {Ωbh2,Ωch2, θ, τ,Ωk, w, ns, Log(1010As)}.
To work out the first step, we find the posterior distribution of the cosmological
parameters using WMAP three year data, matter power spectrum data from the SDSS 4
year data release, the Hubble Space Telescope measurements and the union compilation of
supernova data sets. We use the Bayesian MCMC engine of COSMOMC to do this. The joint
posterior distributions on pairs of cosmological parameters are shown in Fig. 4.7. This is
P1(Θ|d1) in the notation used in the discussion in Sec. 4.2.
We then select ten independent samples of Θ from this distribution as possible true models
of the universe. These are samples used to do the integration over Θpf in Eqn. 4.3 to find
the expectation over different possible fiducial models. For each of these models, we
simulate ten sets of cosmological datasets compatible with the future experiments to find
the expectation over different realizations d2 in Eqn. 4.3. For the CMB experiment, this is
done by first computing the CMB power spectra using CAMB and then adding sets of
Gaussian scatter according to the PLANCK likelihood to get a noisy power spectrum as
shown in Fig. 4.8.
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For the supernovae experiment, for each dataset, we choose about 1300 supernova redshifts
from the distribution described and compute the magnitudes at those redshifts for the
cosmological models selected. We then add a Gaussian scatter with a variance of 0.152 sq
magnitude to the calculated magnitude.
We then use a suitably modified version COSMOMC where we replace the CMB likelihood
with the PLANCK Likelihood and the supernovae likelihood with the likelihood described
above. We then find samples of the posterior distribution for each of the d2 samples of the
future experiments combining them with the Hubble Space Telescope constraints on the
Hubble constant, and SDSS 4 year data. This requires a large number of MCMC processes
making the process computationally challenging. In this case, we speed each likelihood
evaluation by using PICO Fendt and Wandelt (2007,?) instead of CAMB to evaluate the
CMB power spectrum. As the evaluation of the CMB power spectrum is the slowest part
of the likelihood calculation, this speeds up the process immensely.
To assess the importance of these steps, one can check (a) if the Bayesian Posterior for
different realizations of noise for a particular fiducial model differ a lot or are similar which
we explore in Fig. 4.9 (b) if the Bayesian Posterior for different fiducial models are similar
to each other or very different as explored in Fig. 4.10 and (c) if for a fiducial model, the
Bayesian posteriors are different from ellipsoids which is explored in Fig. 4.11.
Finally, we can use these samples to compute the expected width of the future posterior
distribution according to Eqn. 4.3. In Table. 4.1, we show the comparison of the Fisher
forecasts and the Bayesian forecasts.
These results show that Fisher forecasts provide an adequate estimate for the forecasted
uncertainties on cosmological parameters if a constant w model of dark energy is used.
Even in this case, the estimate of the uncertainty from Fisher Matrix is O(1) different from
the full Bayesian computation for the most challenging parameters. For more complicated
models, where the parameters are not generally well constrained, the Bayesian Forecasting
method could give more dramatically different results.
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Parameter Bayesian Fisher
Ωbh
2 0.00014 0.00014
Ωch
2 0.00117 0.00012
θ 0.00026 0.00027
τ 0.006 0.005
Ωk 0.016 0.009
w 0.103 0.069
ns 0.0036 0.0036
Log(1010As) 0.011 0.009
Table 4.1: Comparison of results from Bayesian and Fisher Forecasts
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Figure 4.3: Forecasted constraints on a constant equation of state w in a flat cosmology
from about 10,000 supernovae: This shows the joint posterior distribution on ΩM and w,
assuming an intrinsic distribution in the distance indicator of 0.12 mag. The green and cyan
contours show the 68% and 95% constraints when photometric redshifts are used, while the
red and blue contours show the same constraints with spectroscopic redshifts.
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Figure 4.4: Broadening of Constraints due to photometric errors in determination of redshift:
Constraints on w marginalized over ΩM . Results are shown separately assuming that we have
spectroscopic redshifts for all supernova hosts, and the more realistic case of photometric
redshifts only. No other priors were used.
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Figure 4.5: Forecast for joint posterior distribution on the parameters of a time evolving
equation of state parametrized by w(a) = w0 + wa(1 − a) in a flat cosmology from 50,000
supernovae (i.e., one year of the LSST survey). The green and cyan contours show the 68%
and 95% constraints including photometric errors on redshift include an intrinsic dispersion
of 0.12 mag in the distance indicator
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Figure 4.6: Joint Posterior distribution of the dark energy equation of state parameters in
the CPL model using forecasts for LSST and PLANCK
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Figure 4.7: Posterior distribution of experiments for which data is already available. This
shows the posterior distribution from the WMAP 3 year data, the SDSS 4 year data release,
and the Union compilation of supernovae
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Figure 4.8: Simulated values of the CMB angular power spectra for different possible cos-
mological models with an additive Gaussian noise
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Figure 4.9: Differences in Bayesian posteriors for different realizations of noise
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Figure 4.10: Differences in Bayesian posteriors for different realizations Fiducial models used
in simulating future observations
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Figure 4.11: Comparison of Bayesian Posteriors and Fisher Forecasts: We show a comparison
between Bayesiand posteriors for a particular fiducial model and a Fisher ellipse. The
contours are aligned by hand to almost coincide at the center
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Chapter 5
Parameters and pitfalls in dark
energy models with time varying
equation of state
In this chapter we describe work done in collaboration with Benjamin Wandelt and
presented in Biswas and Wandelt (2009)
5.1 Introduction
A number of observations Perlmutter et al. (1999); Riess et al. (1998); Garnavich et al.
(1998); Knop et al. (2003); Tonry et al. (2003); Riess et al. (2004); Astier et al. (2006);
Wood-Vasey et al. (2007); Hicken et al. (2009)have established that the expansion of the
universe is accelerating. The cause is usually attributed to a currently dominant
component called dark energy. Current data is consistent with a standard cosmological
model called ΛCDM, with dark energy in the form of a cosmological constant Λ. However,
dark energy might, in fact, be a dynamical component. Indeed, there exist numerous
models of cosmology which produce the observed acceleration, either by postulating the
the existence of one or more otherwise unobserved fields, or as the effects of a departure of
gravity from General Relativity at large scales that cannot be ruled out by current data.
Therefore an important objective of current and future observational efforts is to study the
acceleration of the universe in different ways and detect departures in the behavior from
that expected in a standard ΛCDM model. To this end it is usual to parametrize dark
energy as a ‘fluid’ with its equation of state (EoS), and the speed of sound in the fluid
specified independently. Generally such a description encompasses a large variety of
physical models if the equation of state is assumed to depend on the density, and the speed
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of sound depends on both the background density and the wavelength of perturbation.
The idea is that constraining these phenomenological parameters of a fluid will narrow
down the class of physical models causing the acceleration, and in particular, study the
differences with ΛCDM.
A specific time dependent parametrization of the EoS, and a constant speed of sound
describes a subclass of these phenomenological models. A simple example is the CPL
parametrization of the equation of state (Chevallier and Polarski, 2001; Linder, 2003)
w(a) ≡ w0 + w1(1− a) (5.1)
of a non-interacting dark energy, which has been adopted by the Dark Energy Task force
(Albrecht et al., 2006) in determining the relative importance of future experiments
studying dark energy. Conveniently, it includes the case of a constant EoS (wCDM) with
(w0 = w,w1 = 0), and the ΛCDM model (w0 = −1, w1 = 0).
Parameter constraints on dark energy parameters with different time varying equation of
state, including the CPL parametrization have been investigated in the context of similar
recent data sets (Wright, 2007; Wang, 2008; Lazkoz et al., 2008; Davis et al., 2007) .
These analysis use certain summary parameters (the shift parameters R and l for the
CMB, and D parameter for the Baryon Acoustic Oscillations, see Sec. 5.3.1 and references
therein), which are intended to capture most of the information in data sets. In contrast,
we use a likelihood analysis that compares the theoretical power spectra to spectra inferred
from data, as is the standard practice for ΛCDM models.
In this paper, we investigate the constraints on the parameters of a non-flat cosmology
with a CPL dark energy from current data sets. These include the WMAP five year data
set (Dunkley et al., 2008) for the anisotropies in the Cosmic Microwave Background
(CMB), SDSS DR4 data set for Luminous Red Galaxies (LRG) (Tegmark et al., 2004,
2006), the Union data set for supernovae (Kowalski et al., 2008). We point out the
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differences in dark energy parameter constraints computed from the two approaches.
Evidently, dark energy with a time varying equation of state behaves very differently from
ΛCDM cosmology, where the fractional density of dark energy is tied to acceleration at a
particular redshift. Even in the simple and comparatively benign CPL model this gives rise
to counter-intuitive effects on general parameter constraints, which we study here. While
we discuss the behavior of generic time varying EoS, we restrict our calculations to the
specific case of the CPL parametrization. This is an appropriate example, not only because
of the current consensus of using the CPL as a standard (Albrecht et al., 2006), but also
because the it is a fairly benign evolution. Model independent constraints one might hope
to study will include much stiffer variation of the EoS, where the dynamical effects we
describe (see Sec. 5.2) could be more pronounced possibly leading to larger differences with
parameter constraints computed from summary parameters.
In Sec. 5.2, we discuss the behavior of different relevant regions of the CPL parameter
space, their observable signatures and their possible consequences for parameter estimation.
In Sec. 5.3 we describe the details of our method to investigate parameter constraints
derived using summary parameters and power spectra. The results of our investigations are
presented in Sec. 5.4. We discuss our conclusions and possible implications in Sec. 5.5.
5.2 Characteristics of Dark Energy with Time
Dependent Equation of State
The density of a dark energy component with a variable equation of state w(a) evolves with
scale factor as ρDE ∼ a−3(1+weff (a)), while the pressure P (a) ∼ (1 + w(a))ρDE(a), where
weff(a) = − 1 +
∫ a
1
da(1 + w(a))/a
ln(a)
= (w0 + w1) + (1− a)w1/ln(a)
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with the last expression being valid for a CPL EoS. Dark energy of current density (in units
of critical density today) ΩDE contributes an amount a¨ = aH
2
0ΩDE(1 + 3w(a))a
−3(weff (a)+1)
towards the acceleration of the universe at a redshift z = 1/a− 1, while its density in
units of matter density grows as ∼ a3weff . Thus, the presence of dark energy at a particular
redshift modifies the background expansion. This (along with the presence of curvature)
affects the CMB and the matter power spectrum (a) geometrically by altering the angular
position of the peaks and (b) dynamically by altering the magnitude of the spectrum.
Dark energy is believed to be smooth (ie. its density perturbations do not grow at scales
smaller than the Hubble scale), leading to less clustering of density perturbations at a
particular redshift if a significant fraction of the background density is made up of dark
energy. The gravitational potentials also evolve differently because the background evolves
differently from a matter dominated universe. This leads to weaker sourcing of the growth
of perturbations, thereby suppressing the number of galaxies formed at a particular
redshift reducing the matter power spectrum inferred from galaxy surveys (Doran et al.,
2001). The change in gravitational potentials also affects the CMB power spectrum
through the Integrated Sachs-Wolfe (ISW) effect. On a plot of the matter power spectrum
or CMB power spectrum the geometrical effects show up as horizontal differences (change
in scales), while the dynamical effects show up on the vertical differences (magnitudes).
For a dark energy characterized by a constant EoS, weff(a) = w(a) = w. To explain the
acceleration observed today from SNe Ia data, w < −1/3 and is close to −1 if all data sets
are considered. This also implies that the dark energy density (in units of matter density)
grows as ≈ a3, so that it is negligible at earlier times. Hence, its dynamical effect on the
matter power spectrum is small, and its effect on the CMB power spectrum is limited to a
late time ISW effect, which only affects the low multipoles of the spectrum. Since the
cosmic variance at the low multipoles is high, the observable imprints of a redshift
independent equation of state are limited to the geometrical effects. For a redshift
dependent equation of state, w(a) and therefore weff(a) can be quite different from w(0) for
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Figure 5.1: The upper panel shows the evolution of w (solid) and weff (dashed) for the set
(w0, w1) = (-1.65116, -3.41463) (Red), (-0.541648, -3.07916) (Black) (0.613754, 0.333922)
(Green),(-1.52168, 1.5576) (Blue). The lower panel shows the Phase Diagram of the CPL
model. The regions above the horizontal solid black line are parameters that will eventually
go over to the Phantom phase causing a Big Rip, while the regions to the left of the solid
black vertical line are in the phantom phase now. The region above the red diagonal line
have significant dark energy at early times. The shaded regions ‘cross the phantom divide’,
while the regions in the South Eastern quadrant lead to a short burst of acceleration. The
dark energy parameters plotted in the upper panel are also marked.
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smaller values of a. Hence, it is possible to simultaneously have the observed acceleration
due to very negative values of w(a = 1), while the ratio of densities of dark energy to
matter ∼ a3weff (a) remains significant at early times, if weff(a) ≈ 0. Thus dark energy with
redshift dependent EoS can cause acceleration today, and also be non-negligible at early
times, thereby suppressing the growth of structures, and affecting the CMB by an Early
ISW Effect. It is possible for models with a time dependent EoS to have regions in
parameter space which are relatively indistinguishable in terms of the geometric effects,
but distinguishable in terms of dynamical effects. This kind of geometrical degeneracy is
likely to be more pronounced for parametrizations which allow a strong variation of w(a),
as that would facilitate a quicker transition from an equation of state around −1 to 0.
Here, we will work out the consequences in the specific example of the widely used CPL
parametrization in Eq. 5.1, which is a fairly gentle variation.
The CPL parametrization is an ad-hoc parametrization which allows the dark energy EoS
w(a) (and weff(a)) to asymptote between two constant values w0 + w1 and w0 at early and
late times. In order to understand the behavior of this parametrization and the physical
models it may represent, we can study a phase diagram on the w0, w1 plane. In the upper
panel of Fig. 5.1, we show the evolution of the CPL EoS w (solid lines) and weff (dashed).
It is useful to study this parametrization as it captures general features of dynamical dark
energies, and CPL models that correspond to (w0, w1) different from (−1, 0) are definitely
dynamical models distinct from a cosmological constant. From the asymptotic behavior of
the upper panel of Fig. 5.1, we can study different phases of the CPL EoS, where the
evolution of dark energy can be asymptotically similar to different models of dark energy.
This is studied in the lower panel of Fig. 5.1. Firstly we can separate the regions where the
dark energy is in the Phantom phase with equation of state (w(a) < −1) which occurs for
scalar field theories with tachyonic instabilities, or with non canonical kinetic energy terms
inspired by higher derivative theories (Caldwell, 2002; Carroll et al., 2003). The two black
lines (solid) bound the regions where the dark energy behaves like a phantom model
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(w(a) < −1): the parameter region left of the vertical black line is currently in the
phantom phase, while the parameter region below the diagonal black line was in a
phantom phase at early times. The region above the horizontal dot-dashed blue line will
eventually become a phantom model, resulting in a ‘Big Rip’. The region below the
horizontal dot-dashed line will eventually become ‘normal’ with w > −1. The region
between the dot-dashed blue line and the diagonal black line (labeled quintessence), to the
right of the vertical black line is the only region where w(a) > −1 at all times. Thus this is
the only phase which may be similar to models of a single, non-interacting stable canonical
scalar field. The North Western and South Eastern quadrants (shaded yellow) marked out
by the solid black lines exhibit the crossing behavior from the ‘phantom phase’ to the
‘normal phase’ where w crosses −1; this leads to instabilities in the evolution of
perturbations at the crossing (see Sec. 5.3.2 and references therein for details). The South
Eastern quadrant shows a rapid change of w(a) at recent times, but decays rapidly with
redshift. The dashed red line marks the boundary at which w(a) = 0 at early times; the
regions above this line have significant dark energy density at early times like
recombination. In order to study the distinct effects, we mark five points on this phase
diagram. The brown point represents a cosmological constant with
Ωm = 0.3,ΩDE = 0.7, H0 = 72km/s/Mpc. The other points were chosen from our chains
representing the posterior of current CMB , HST and SNe data using summary parameters
(see Sec. 5.3.1 for details). The red filled circle is a ‘Phantom’, the black diamond is ‘Burst
DE’, the green triangle is similar to a ‘Quintessence’ till now, while the blue star will have
a ‘Big Rip’ and is chosen to have significant early dark energy. We will stick with this color
code in discussing effects, and use these names to label the plots when possible.
The effect of dark energy parameters of these distinctive types can be seen in Fig. 5.2,
where we show the impact on the background for the parameter points marked out in
Fig. 5.1. The upper panel shows the ratio of dark energy density to dark matter density as
a function of redshift. We notice that the dark energy density decays with redshift, except
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for the model ‘Big Rip’, which had significant early dark energy (cf lower panel Fig. 5.1).
The middle panel shows the acceleration of the universe for dark energy with the same
parameters. Clearly, the ‘Phantom’ and ‘Big Rip’ models with very low values of w0 exhibit
a super-accelerated phase. It is interesting to note that even for the ‘Big Rip’ where dark
energy density is significant at early times, the universe is decelerating before a redshift of
2 because its EoS (Blue solid curve in the upper panel of Fig. 5.1) keeps increasing. Hence
for these models with significant early dark energy, the universe can be ‘dark energy
dominated’ without accelerating, with the effect of dark energy on background expansion
being similar to matter. The lower panel shows the evolution of the total density of matter,
dark energy and relativistic components. ρtot = ρm + ρDE + ρr with redshift, in units of the
corresponding quantity assuming that dark energy was a cosmological constant.
The effect of these parameters on observables is studied in Fig. 5.3 for the models chosen in
Fig. 5.1. Since we are interested in comparing the effect on the magnitudes of the spectra
due to dark energy, we set the amplitude of the primordial power spectrum to be the same
for each model. This does not change the value of the posterior (using Likelihood B, see
Sec. 5.3.1) probability of the model plotted, as the posterior is independent of the
amplitude. The upper panel shows the CMB power spectrum, the middle panel shows the
matter power spectrum, and the lower panel shows the apparent magnitude of the SNe Ia,
which is a purely geometrical effect. The difference in positions of the angular positions of
peaks in both the CMB and the oscillations in matter power spectrum, as also the
differences in the redshift-magnitude plot is due to geometrical effects. The difference in
the magnitudes of the power spectrum is due to dynamical effects that are not captured in
summary parameters (see Sec. 5.3.1). It is interesting to note that the models for which
the CMB power spectrum is enhanced have suppressed matter power spectrum.
The comparison of the difference of the CMB and Matter Power Spectra inferred from the
data with their theoretically computed counterparts with the scale of expected deviations
leads to constraints on cosmological parameters. It is possible that a subset of this
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information pertaining to specific features in the spectra is almost as useful in constraining
parameters. For example, many features of CMB power spectra depend on the
cosmological parameters through very specific functions of the these parameters (Hu
et al., 2001; Hu and Dodelson, 2002; Doran et al., 2001; Doran and Lilley, 2002). This
motivates the idea of using CMB shift parameters to summarize the information content of
the CMB anisotropies, introduced in Bond et al. (1997) in the context of forecasting for
standard cosmologies. Further work on this subject (Elgarøy and Multama¨ki, 2007; Wang
and Mukherjee, 2007) suggests that one can summarize the information the in the spectra
efficiently in terms of the summary parameters R, la, which relate to the position of the
first peak of the CMB spectrum, and the spacing of the peaks due to acoustic oscillations.
Recently such summary parameters have become popular in studying the constraints on
dark energy parameters. If the effect of dark energy is mostly geometrical, it is tempting to
speed up the calculation by summarizing the CMB/LSS data in terms of a few geometrical
summary parameters that describe these effects, instead of going through the time
consuming process of theoretically computing the angular power spectrum.
This approach of using summary parameters has been studied in Doran and Lilley (2002);
Elgarøy and Multama¨ki (2007); Wang and Mukherjee (2007), and the procedure nicely
outlined in Komatsu et al. (2008). One finds samples of the posterior distribution of the
data set concerned for cosmological models with a specific form (ΛCDM) of dark energy.
One then uses these samples to estimate the set of summary parameters over the posterior
distribution as well as the covariance over these summary parameters. Wang and
Mukherjee (2007) also show that the summary parameters are comparatively weakly
correlated to the other cosmological parameters. One then approximates the likelihood of
the CMB data set, by a Gaussian distribution over these summary parameters It can be
seen that there are three crucial assumptions in this procedure:
1. The Likelihood of the CMB spectra are well described by CMB summary parameters.
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2. The mean and covariance of the summary parameters for a particular data set do not
change appreciably when the model space is enlarged, and do not develop
correlations.
3. The summary parameters are relatively weakly correlated with the other
cosmological parameters.
We examine these by studying the differences in the parameter constraints in comparison
of the power spectra and the use of the summary parameters.
5.3 Method
We study parameter constraints using a suitably modified version of the Markov Chain
Monte Carlo (MCMC) engine CosmoMC (Lewis and Bridle, 2002) to explore the Bayesian
posteriors for the cosmological parameters. We assume an isotropic and homogeneous
universe with dynamics dictated by standard general relativity with the densities of the
background components to be determined, take the non-baryonic dark matter to be
entirely cold and neglect effects of neutrino mass, assuming Neff = 3.04 species of massless
neutrinos. The current background density of photons is also assumed to be fixed, by
neglecting any error-bars associated with the measurement of the CMB temperature. We
then explore possible values for the background densities of other components (baryons,
cold dark matter, curvature) with broad, flat priors over ωb, ωc,Ωk, where Ωi is the density
of the component in units of the current critical density, and ωi = h
2Ωi, with the Hubble
constant H0 = 100h Km/s/Mpc. The primordial perturbations are assumed to be
adiabatic and Gaussian distributed with a power spectrum Pj(k) = Aj(k/kp)
(nj(k)−1). We
neglect the effect of tensor perturbations setting the ratio r of its amplitude At to that of
the scalar perturbations As to be zero, and nt = 0. The scalar spectral index ns is assumed
to be scale independent (running of spectral index) nr = 0 and we choose a pivot scale
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kp = 0.05/Mpc. We also ignore the effect of the the SZ amplitude. We allow for a single
re-ionization taking place at an optical depth of τ , and θ parametrizing the angle
subtended by the sound horizon at the surface of last scattering instead of the Hubble
constant H0. Therefore, our model space has the fixed values ων = nt = nr = r = 0, and
priors on the parameters {Ωbh2,Ωch2, θ, τ,Ωk, w0, w1, ns,Log(1010As)} summarized in
Table 6.2. The Markov chains are assumed to have converged when the R− 1 statistic had
been below 0.03 for a few tens of thousand chain steps; this results in a final R− 1 statistic
of about ∼ 4× 10−3 − 1× 10−2.
Table 5.1: Parameters used in the MCMC: Cosmological parameters used and the lower and
upper limit on the flat priors on these parameters. For a wCDM model, w1 is fixed to be 0.
Ωbh
2 Ωch
2 θ τ Ωk w0 w1 ns log(10
10As)
(0.005,1) (0.01,0.99) (0.5,10) (0.01,0.6) (-0.2,0.2) (-3,1.5) (-7.0,4.5) (0.5,1.5) (2.7,4)
5.3.1 Data and Likelihoods
We summarize our usage of different data sets and likelihoods in Table 5.2 and explain it
in detail below.
CMB data: We use the WMAP 5 year data in two different ways:
(A) By using the publicly available WMAP likelihood code (version 3) (Dunkley et al.,
2008; Hinshaw et al., 2008; Nolta et al., 2008), which compares the observation to a our
theoretical computation of the CMB power spectrum. and
Table 5.2: Definitions of data sets I and II and Likelihoods A and B
Data Set I Data Set II Likelihood A Likelihood B
WMAP5 + SNE + HST WMAP5 + SNE + HST Summary Parameters Power Spectra
+ SDSS + BBN lA, RA, z⋆, DA
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(B) By using a Gaussian likelihood in the summary parameters {lA, R, z⋆} as recommended
by Komatsu et al. (2008)
lA = (1 + z⋆)
πDA(z⋆)
rs(z⋆)
R =
√
ΩmH
2
0 (1 + z⋆)DA(z⋆) (5.2)
where z⋆ is the redshift of the surface of the last scattering computed from the fitting
formula (Hu and Sugiyama, 1996) in terms of only densities of baryons (ωb) and matter
(ωm) with the mean of the distribution taken to be the maximum Likelihood values in
Table 10, and the inverse covariance matrix in Table 11 of Komatsu et al. (2008). There
are slight differences in the literature about how the parameters la, R are best defined, and
we adopt the definition of Komatsu et al. (2008) as we use their numerical values for the
likelihood.
Galaxy Power Spectrum Data: We use the galaxy power spectrum data from the Luminous
Red Galaxy (LRG) sample of the Sloan Digital Sky Survey DR4 (SDSS)
(A) By using a modified version of the publicly available likelihood code which compares
the matter power spectrum inferred from the data with the theoretical computation after
analytic marginalization over a scale independent linear bias (Tegmark et al., 2006). We
modified the code in order to recompute the geometric scaling at the redshift of the sample
related to
DV =
(
(1 + z)2D2A(z)cz/H(z)
)1/3
for the CPL model, and also to compute the growth function to account for the scale
independent change in the matter power spectrum at the mean redshift 0.35 of the LRG
sample from the matter power spectrum at a redshift of z = 0.
(B) By using only the geometric distance measure rs(zd)/DV (z), where rs is the sound
horizon at the redshift of drag epoch zd where the baryons were released from the photons.
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Following Komatsu et al. (2008), the redshift zd is computed through a fitting function
(Hu and Eisenstein, 1998) which again depends only on ωb and ωm. As recommended, we
use a Gaussian Likelihood with a mean of 0.1094 and a standard deviation of 0.0033.
Supernovae Data: We use the Union data set (Kowalski et al., 2008) which is a
compilation of 307 Type Ia supernovae discovered in different surveys. This combines high
redshift supernovae by the ESSENCE, SNLS and HST Goods surveys, with low redshift
ones (z ≈ 0.02− 0.1) Perlmutter et al. (1999); Riess et al. (2004); Astier et al. (2006)
using a weighting scheme to take into account the heterogeneous sources. The Likelihood is
Gaussian distributed in the magnitude space and includes covariance contributions due to
systematic effects. However, we ignore lensing of supernovae.
HST: We also incorporate the results of the Hubble Space Telescope Survey measurements
of the Hubble constant (Freedman et al., 2001) as a Gaussian prior on the value of the
Hubble constant H0 = 72± 8km/s/Mpc.
Big Bang Nucleosynthesis: The primordial abundance of light nuclei, determined at the
time of Big Bang Nucleosynthesis (BBN) depends on the baryon to photon ratio, as well as
the expansion rate at this time (Amsler et al., 2008; Cyburt et al., 2002). Since, in time
varying equation of state dark energy models, dark energy can be non-negligible around the
time of BBN (z ∼ 107), we need to examine the effect of BBN on both these parameters.
Among the abundances of light elements, the abundance of primordial Helium is most
sensitive to the expansion rate during BBN; the abundance of primordial Deuterium, while
almost insensitive to the expansion rate, is extremely sensitive to the baryon to photon
ratio. We ignore the abundance of 7Li even though it is extremely sensitive to the baryon
photon ratio, because of the controversies regarding systematic uncertainties in determining
the observed abundances of 7Li, stemming from uncertainties in measurement of effective
temperature of stars, or an unaccounted correlation between the metallicity and estimated
abundance (Cyburt et al., 2008). We constrain the dark energy density at the time of
BBN by using the fit equations for the primordial abundance of Deuterium, and Helium
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from (Simha and Steigman, 2008) in terms of the baryon-to-photon ratio η10, and the
ratio S of the Hubble parameter at times of BBN (z ∼ 107) with a Hubble parameter for a
universe completely dominated by relativistic degrees of freedom (photons and massless
neutrinos). The parameter η10 depends on the mass fractions of the light nuclei, but the
dependence is extremely weak. We adopt the values of η10 = 273.9ωb for our Likelihood
calculations. We ignore the theoretical errors in the fitting functions, and write a Gaussian
likelihood using the error estimates of observed abundances for De and 4He. We also note
that since the 4He fraction monotonically increases with time, the lowest values detected
are a robust upper bound to the Helium fraction. We impose a much weaker hard prior on
the equation of state parameters, as will be described and further justified in the Sec. 5.4.
5.3.2 Theoretical Computation of Power Spectra
The Likelihoods (A) for the CMB and Matter Power Spectra data require theoretically
computed values of these power spectra. We evaluate these by modifying the background
expansion, and the perturbation equations for this Dark Energy model using CAMB
(Lewis et al., 2000), which uses RECFAST (Seager et al., 1999, 2000; Wong et al., 2007)
to compute the recombination history. The CPL parametrization allows for the case where
the dark energy equation of state is less than −1, and allows crossing of −1 during the
evolution. For a single non-interacting scalar field, w ≥ −1. However, lower values of w
occur for scalar fields with non-canonical kinetic energy terms, or due to interaction
between more than one field (Hu, 2005; Huey and Wandelt, 2006; Zhang et al., 2006; Li
et al., 2005; Fang et al., 2008). Thus, we follow the standard practice and do not rule out
values of w(a) < −1. It is known, that in the fluid model perturbation theory of dark
energy, there is a runaway problem associated with the models which allow crossing of −1.
We follow the prescription of (Huey, 2004; Caldwell and Doran, 2005), which essentially
assumes that this is a numerical artifact. While, a negative dark energy sound speed would
lead to large clustering of structure that is unobserved in data, we find that current data is
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insufficient to put any meaningful constraints in the open interval (0,1) (in natural units)
on the speed of sound cs for dark energy. Therefore, we fix the value of the speed of sound
to a reasonable choice of c2s = 1 as would be the case for quintessence (Caldwell and Doran,
2005; Weller and Lewis, 2003).
5.4 Results
We study the posterior distributions on the cosmological parameters and the joint
posterior distributions of pairs of cosmological parameters. Use of the maximal data set
available today exploits the complementarity of different probes to obtain the tightest
constraints on the parameters. On the other hand, it is useful to examine meaningful
constraints from different subsets of the maximal data set. Constraints from subsets allow
one to check for self-consistency of cosmological models since different data sets actually
constrain different aspects of physics; and also the separate the constraints from
assumptions inherent to different data sets. We use two sets of data. (I) WMAP 5 yr data,
the Supernovae Union data set, the HST constraints on the Hubble constant, and (II)
additionally BBN constraints, and the SDSS LRG power spectrum. The data combination
(II) represents the maximal data set we use here. We present the constraints obtained for
our maximal data set in Fig. 5.4.
5.4.1 Features of the Posterior Distribution
Focusing attention on the two dimensional joint posterior on w0, w1, the left panel of
Fig. 5.5 shows the posteriors of data set (I), while the right panel shows the posteriors for
data set (II). The black (solid) contours are computed by the use of likelihood A, while the
blue contours are computed using Likelihood B. The blue contours may be compared to
Fig. 1 of Wang (2008). We note that the posterior distribution is highly non-Gaussian.
Firstly, the posterior contours are fairly banana-shaped rather than ellipsoidal without the
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SDSS data. With the addition of the SDSS data, the elongated banana shape gets pinched
off. However, the distribution is still elongated, and even in the high posterior region the
posterior peak does not seem to be well-centered. Further, the plots show that the
posterior falls abruptly around the blue (dot-dashed) line w1 = −w0. The diagonal (solid)
black line represents the 2σ limit from BBN constraints; w0, w1 values lying above the
black line are unlikely due to the BBN constraints. The red diagonal line is a hard prior we
used to limit the exploration. The use of both Likelihoods (A) and (B) result in a
dramatically lower number of points beyond the blue (dot-dashed) line w0 + w1 = 0,
though the change in B is less sharp. This edge in the likelihood, is entirely due to the
CMB data and represents the edge of parameter space beyond which the ‘dark energy’
dominates at the redshift of the surface of last scattering, rather than being related to the
BBN data. We can see this better in a histogram of asymptotically early equation of state
in Fig. 5.6. It shows the drop in the posterior sample for both Likelihoods B as well as A
for data set I (Upper Panel) and data set II (Lower Panel), even though data set Idoes not
include the BBN constraints. The lack of points above the (dot-dashed) blue line, further
justifies our use of the hard prior, since the posterior is well disconnected from the hard
prior. In our contour plot, we therefore could cut off the posterior contours that we would
have drawn by smoothing the posterior densities with a Gaussian kernel. This sharp edge
in the 2D joint posteriors is unlikely to go away with the addition of further data.
Next, we look at the constraints on the dark energy parameter w1. In Fig. 5.7, we show the
one dimensional marginalized posterior distribution on w1 computed from the data
combinations I (left) and II (right) described above, according to the likelihoods A (black
solid) and B (dot-dashed blue). The posteriors computed using Likelihood B may be
compared to the Fig. 2 of Wang (2008) where they use likelihoods using z⋆ as a parameter;
as expected these posteriors match to extremely small differences that may be attributed
to the slightly different data or numerical procedures. We note that these posteriors are
asymmetric, a result of the fact that significant early dark energy is essentially ruled out by
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the CMB data. From our one dimensional distributions, we can see that while the
approximate posterior (B) computed by using the summary have the same shape as the
posteriors (A) computed by comparison of power spectra, there are significant differences
between likelihoods A and B in the extent of the tails: the posteriors using the power
spectra are sharper and narrower than the posteriors using the summary parameters. For
our maximal data set (II), this translates to the tails (computed by using (B)) extending
about twice as much as the tails using summary parameters (A). From the one-dimensional
distributions, we see that there is a sharp edge in the distribution of w1 at the higher tail,
while low w1 values are are allowed. The edge at the tail is related to the edge in the joint
posterior. The use of summary parameters using the likelihood (B) has a similar effect,
except the distributions are broader, and the distinction more significant in the low w1 tails.
From both the one dimensional and two dimensional posteriors, we note (I) allow fairly low
values of w1 at levels, which are ruled out by the SDSS data (II), or if the model is
constrained to be flat. This is because (I) allows models with low values of w1, H0, and Ωk,
which are ruled out by the simultaneous use of the SDSS data. This can be seen by
studying the correlations of w0, w1 shown in Fig. 5.8.
5.4.2 Comparison of Power Spectra and Summary Parameters
The differences between the posterior distributions due to the use of different likelihoods A
and B, are most clearly studied in a binned (un-smoothed) density plot over all the chains,
since various differences can arise due to smoothing prescriptions inherent in making
contours. We choose to study the joint posterior in the w0, w1 plane due to its importance
in classifying dark energy experiments (Albrecht et al., 2006). We present the differences
as a density plots for both data set combinations I (top panel) and II (bottom panel) in
Fig. 5.9. We can see that the differences are most appreciable for models, where the
equation of state is close to 0 (like matter) at asymptotically early times, and for the tail.
where w1 has low values. The density plots on the left due to likelihood A are much
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sharper and narrower than the corresponding plots using B on the right.
We also study the marginalized one dimensional posteriors in Fig. 5.10 on all other
parameters. From Fig. 5.7 we see that with the maximal data set, the posterior due to
Likelihood B (black) extends to about twice the tail of Likelihood A (blue) in w1. From
Fig. 5.10, we show the 1 dimensional marginalized distributions on all other parameters
from the comparison of spectra (ie. by using likelihood A) (blue) and the summary
parameters (red) (ie. by using likelihood B). We see that the posterior distributions for
w0, θ are well approximated by the summary parameters. On the other hand, comparing
the blue and red curves in Fig. 5.10, we see that the posteriors on all other quantities
(Ωm,Ωk,ΩDE, ωb, H0) are shifted significantly in comparison to the width of the
distribution when the summary parameters used. As expected, the parameters related to
the optical depth of re-ionization, scalar spectral index, and the amplitudes of the scalar
fluctuations (τ, ns, As) are not constrained at all by the use of summary parameters
resulting in a distribution about as broad as the prior, while the spectra constrain them
reasonably well. This is not surprising as all of them affect the shape and normalization of
the CMB power spectrum without affecting the distance to the surface of last scattering,
or the angular position of the peaks.
5.4.3 Impact of Relaxing the Dark Energy Parametrization
In general, when a model is relaxed to a more general model, one expects that the
constraints on the model parameters could become broader. This happens, when the model
parameters are correlated to the parameters that are allowed to float in the more general
model, but were fixed in the special model. In our example, ΛCDM and wCDM are
special cases of the CPL model. Hence, we look at how the constraints get broader when
w1 is allowed to vary. From Fig. 5.10, we note the differences in posteriors between a
wCDM model (black) and a CPL model (blue). We see that for parameters like
(θ, ωc, τ, As) and derived parameters like (Ωm, H0), the constraints from both a wCDM
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model and a CPL model are similar. However, for the parameters (w0,ΩK , ωb, ns) and
derived parameters (ΩK , σ8), there are differences between the the posteriors of the
wCDM model, and the CPL model. Of these, only the constraints on w0 are well
approximated by the summary parameters. We note one cannot study the impact of dark
energy on the standard cosmological parameters using summary parameters. These
differences are reflected in the joint two dimensional posteriors of the wCDM model (blue)
and the CPL model (black) in Fig. 5.11, which show that the joint constraints on the CPL
model are significantly different.
Of these parameters, it is interesting to note that the values of ΩK and ns allowed by the
CPL model. Both these parameters are important theoretically as they are strongly related
to parameters in inflation.The tail of ns using the data set (II) are usually considered
outside of the 2σ limits. Similarly the values of ΩK shown in Fig. 5.8 allowed by the data
set (I) are usually considered ruled out by the CMB alone. The usual statements are on
the basis of ΛCDM or wCDM models, and this shows that relaxing constraints on the
dark energy models can over-ride some of our intuition. The impact of the SDSS and BBN
constraints again underline the importance of complementary data sets in this context.
5.5 Summary and Discussion
Dark energy alters the background expansion of the universe leading to geometric effects
on the CMB and matter power spectrum. It also changes the growth of gravitational
potentials leading to dynamical effects that modify the magnitudes of the power spectrum.
For a constant EoS dark energy, the observed acceleration requires rapid decay of dark
energy density with redshift, precluding dynamical effects. However while dynamical
effects are relatively unimportant for constant EoS dark energy, they may be important for
dark energy with time varying EoS. Hence, for such models, the comparison of power
spectra may be able to distinguish between regions of parameter space that are degenerate
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to dynamical effects-blind summary parameters used in previous studies.
We study this by estimating parameter constraints in a CPL cosmology using two
combinations of data sets I and II (see Table 5.2) WMAP five year data, SDSS LRG data,
the Union compilation of supernovae data, the results of HST, and using the fits to BBN
constraints. We do this in two different methods (see Table 5.2) (A) where we compare the
observed CMB and matter power spectra to our theoretical computations of these
quantities in a cosmology with a CPL parametrized dark energy using modified versions of
the publicly available WMAP and SDSS Likelihood codes, and (B) where we use a
Gaussian likelihood in the three summary parameters for CMB, and the BAO summary
parameters as reported in previous studies in the literature.
Differences between Constraints : Qualitative features in the w0, w1 joint posteriors are
similar when either likelihood (A) or likelihood (B) are used, though there are quantitative
differences. The differences in the w0, w1 joint posterior which is used to compute the dark
energy Figure of Merit recommended by the Dark Energy Task force to rank the
importance of experiments are studied in Fig. 5.9: This is an un-smoothed density plot to
clearly show the differences between using Likelihoods A and B. Clearly, likelihood B using
summary parameters is good as an approximate likelihood for the CPL model for the
purpose of studying dark energy parameters; however the likelihood (A) gives sharper and
narrower posterior distributions. We study the differences in one dimensional marginalized
constraints on the cosmological parameters when one uses the Likelihoods A and B in
Fig. 5.10. We find that the distributions due to B are mostly broader, but also include
significant biases in some cases, further Likelihood B does not constrain the parameters
related to ns, τ, As at all. It is not surprising that the likelihood comparing power spectra is
more informative than one using summary parameters, as the latter only use a subset of
the information available in the former.
Features of the Posterior Distributions of the CPL model : Using the method (A), we show
the features of the current constraints on the CPL dark energy parameters w0, and w1 in
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Fig. 5.5. The main features are (i) a sharp drop in the posterior for models that allow
significant early dark energy demonstrated in Fig. 5.6, and (ii) a long tail for the
combination of data sets (I) in the direction of low w1 values, for which the dark energy
equation of state changes decreases in the past, resulting in a specific fractional density of
dark energy causing more acceleration in the past; but also implying that dark energy itself
decays away more rapidly, and (iii) the distribution is fairly non-Gaussian. The drop in the
posterior for parameters, described in (i) that allow for significant dark energy happens for
a combination of geometrical and dynamical effects. Dynamical effects come from an Early
ISW effect, and a different sourcing of the growth of matter perturbations due to different
growth behavior of the potential. In Fig. 5.1, dark energy parameters of the kind described
in (ii) were called “burst dark energy” since they lead to short burst of acceleration as
shown in Fig. 5.2. Studying the correlations of the dark energy parameters with other
background parameters in Fig. 5.8, suggests that such models are allowed if the flatness
and Hubble constant values are also low, which are almost ruled out when we include the
SDSS data. The non-Gaussian banana-shaped posterior on w0, w1 due to the data sets (I)
are pinched off when data set (II) is used, however the distribution is still not very
ellipsoidal. This is typical of posteriors of ill-constrained parameters, and can change with
the addition of higher quality data. However, in this case the distribution is unlikely to be
ellipsoidal if it extends to early dark energy cutoff described in (i), which is not too far
from the peak of the distribution. These features are inherited in the marginalized one
dimensional posterior of w1, where we see an asymmetric distribution with a sharp drop in
the distribution at high values of w1 and a long tail in the low values of w1 in Fig. 5.7.
Impact on Standard Cosmological Parameters : We study the differences in one
dimensional marginalized constraints on the parameters in a wCDM model, when the
model is relaxed to a CPL model in Fig. 5.10. We find that the constraints on w0, ns, σ8, ωb
are different in a CPL model (blue) from their counterparts in a wCDM model (Black). We
also compare the two dimensional joint posteriors of these cosmological parameters for a
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wCDM model and a CPL model in Fig. 5.11, where the posteriors also change when these
parameters are involved. In particular, we note from Fig. 5.10 that in a CPL model, there
is a tail on the higher side of the posterior distributions of our maximal data set. Values
above unity are allowed, in contrast to the situation for a ΛCDM model. In Fig. 5.8, we
show that, in contrast to the situation in ΛCDM model with spatial curvature, where data
set I (WMAP5, HST, SNe) constrains the flatness parameters, this is not possible in CPL
models; Addition of the SDSS and BBN constraints are crucial to pinching off the banana
in Fig. 5.8. As discussed, the posteriors on these parameters using the summary are not
very good; so these questions cannot be addressed by summary parameters.
While the analysis presented is for the CPL parametrization, one should remember that
EoS of dark energy might be quite different. We note that the dynamical effects are likely
to be more pronounced for equations of state that have a stiffer evolution with redshift. On
the other hand, if the EoS has a functional form significantly different from a CPL
parametrization, the computed constraints may be biased (Linden and Virey, 2008).
Attempts to circumvent this problem have been made in terms of increasing the number of
parameters describing EoS to enlarge the model space further, with an ultimate goal of
making the description ‘model independent’. This number of parameters that can be
added is limited by the absence of tracers of cosmic evolution at high redshifts (Linder
and Huterer, 2005; Sarkar et al., 2008) even with the addition of futuristic SNe data.
Typically, these analyzes are made possible by the degeneracies between other background
parameters and the EoS by either invoking CMB constraints at very high redshift in terms
of the summary parameters (Wang and Mukherjee, 2007; Sarkar et al., 2008) or by taking
the cosmology to be flat (Fay and Tavakol, 2006; Alam et al., 2004; Shafieloo et al., 2006).
While our results suggest that such a use of summary parameters may be safe for CPL like
parametrizations, it is unclear how good they are for other models intended to be included
in these enlarged sets. While the assumption of flatness can be justified on the basis of an
inflation prior, we show that it cannot be justified using the data. The WMAP5
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constraints on flatness for a universe with a cosmological constant significantly worsen in a
CPL model and one intuitively expects them to be still broader for a dark energy with a
parameter independent EoS.
In comparing the matter power spectrum, we use analytic marginalization over a linear
scale independent bias; thus parameter estimation from the matter power spectrum might
be biased if there is really a scale dependent bias (Rassat et al., 2008). It is clear from
their analysis as well as our results, that there is information in the power spectrum that is
not encoded in the Baryon Acoustic Oscillations. Hence, it is yet another reason to study
the bias of galaxies, so that one may be able to extract the maximum information from
galaxy surveys.
While we have showed that a likelihood comparing power spectra is more informative that
likelihoods comparing summary parameters even for CPL models, the computation of
power spectra involves running computationally intensive Boltzmann code repeatedly to
obtain a large number of posterior samples, while the computation of summary parameters
is extremely fast. To give a quantitative idea, it takes about six hours to get a thousand
chain steps on a single processor using Likelihood A, while it takes about six minutes to do
the same using Likelihood B. Since such computations are quite doable for a particular
model, one should use a comparison of power spectra to do precision cosmology, while
summary parameters can still be used to explore new models and get rough estimates. It
might be possible to make the likelihood using summary parameters more informative by
adding further summary parameters; an example of this approach has been followed in
(Wright, 2007), where several additional summary parameters have been used. However, if
it might be expected that a particular parametrization (such as the CPL model today) will
have repeated use, one can also train Boltzmann accelerators (Fendt and Wandelt, 2007,?)
to efficiently and accurately compute the CMB and matter power spectrum. If the
parametrization is studied enough, the work in training the Boltzmann accelerators would
be offset by the gain in time for computation of accurate constraints.
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Figure 5.2: The upper panel shows the ratio of the densities of dark energy to the density
of dark matter in models selected from different parts of the phase diagram in Fig. 5.1. The
middle panel shows that even though dark energy dominates at large redshifts for the (Big
Rip, Phantom) kind of dark energy models (blue line), it does not accelerate the universe
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Figure 5.6: Binned one dimensional posterior on the dark energy EoS at very early times
w(0) → w0 + w1 marginalized over all other parameters showing the sudden drop in the
posterior for values of w(0) + w(1) = 0. The upper panel shows the posterior given the
combination data set (I), while the lower panel shows the posterior given the combination
of data sets (II). The blue histogram shows the distribution due to the likelihood (A) while
the magenta histogram is computed with the use of the likelihood (B).
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Chapter 6
Voids as a Precision Probe of Dark
Energy
In this chapter we describe work done in collaboration with Esfandiar Alizadeh and
Benjamin Wandelt that is presented in Biswas et al. (2010).
6.1 Introduction
A number of observations have established that the expansion of the universe is
accelerating at late times (Perlmutter et al., 1999; Riess et al., 1998; Garnavich et al.,
1998; Knop et al., 2003; Tonry et al., 2003; Riess et al., 2004; Astier et al., 2006;
Wood-Vasey et al., 2007; Hicken et al., 2009). The cause of acceleration is usually
attributed to an otherwise unobserved component called dark energy, but models of dark
energy are generically plagued by fine-tuning issues (Weinberg, 1989; Carroll et al., 1992;
Weinberg, 2000; Carroll, 2001, 2004). One can also interpret these observations as a
consequence of the gravitational dynamics being different from the evolution of a standard
FRW universe under general relativity. Such differences could arise due to the symmetries
of the FRW universe being broken in the real universe, and the assumptions of smallness of
the perturbations being invalid (Buchert et al., 2000; Kolb et al., 2005; Ellis and Buchert,
2005; Kolb et al., 2006), or because General Relativity is not a correct description of gravity
(Dvali et al., 2000; Carroll et al., 2005; Jain and Zhang, 2008). With such fundamental
questions at stake, a prime objective of physical cosmology is to understand the source and
nature of this acceleration. All available current data (Hicken et al., 2009; Dunkley et al.,
2008; Tegmark et al., 2006; Kowalski et al., 2008; Komatsu et al., 2008; Freedman et al.,
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2001; Cole et al., 2005; Percival et al., 2007; Oguri et al., 2008) is consistent with an FRW
universe having dark energy in the form of a cosmological constant, yet various models of
different classes are still allowed by the data. Therefore an important objective of current
and future observational efforts is to study the acceleration of the universe in different ways
and detect departures in the behavior from that expected in a standard ΛCDM model.
In order to compute parameter constraints from observational data, one usually
parametrizes our ignorance about dark energy with a time dependent equation of state
(EoS) of dark energy as a specific function of redshift and theoretically computes the
observational signatures. A very widely used choice, following the recommendations of the
Dark Energy Task Force (Albrecht et al., 2006), is the CPL parametrization of the
Equation of state (Chevallier and Polarski, 2001; Linder, 2003). This results in joint
constraints on different parameters of the cosmological model, including the parameters of
the EoS of dark energy. It is important to use different sets of observational data. Different
kinds of data sets probe different physical imprints of dark energy leading to distinct
shapes of constraints on parameters. Consequently, the simultaneous use of many
‘complementary’ probes leads to the tightest constraints on cosmological parameters
(Eisenstein et al., 1999; Tegmark et al., 1998,?; Frieman et al., 2003).
Moreover, as indicated above, we can hardly be certain that the specific parametrization of
the EoS chosen, or even the choice of the physical model causing the acceleration is
correct. In that light, probing the observable effects of dark energy in terms of different
physical aspects is even more important. A tension between constraints computed from
different subsets of available data may be indicative of an incorrect parametrization (Cole
et al., 2006), or even an untenable choice of a physical model. Traditionally, the main
observations used to constrain cosmological parameters have pertained to the apparent
magnitudes of Type Ia supernovae, the power spectrum of anisotropies of the Cosmic
Microwave Background (CMB), and the power spectrum of inhomogeneities in the matter
distribution (matter power spectrum). The constraints from the supernovae relate to
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effects on the geometry of the universe due to dark energy through the changes in the
background expansion. The CMB and matter power spectrum constraints stem mostly
from a measurement of the geometry through the angular location of peaks of the
anisotropy power spectrum and the peak positions of the Baryon Acoustic Oscillations
(BAO), but also its effects on the growth of perturbations through the magnitude of the
power spectrum. Current status of the parameter constraints on the basis of recent CMB,
LSS, SNE observations can be found in (Biswas and Wandelt, 2009; Wang, 2008; Xia
et al., 2008). Further, the use of observations of clusters of galaxies and weak lensing can
be used to measure the growth of perturbations. It is therefore important to use probes of
different aspects of cosmic evolution for constraining the cosmological parameters and
models. From the viewpoint of both these perspectives, new probes for studying dark
energy parameters are invaluable.
In the above mentioned probes of the growth of cosmic structures, one studies the
dependence of the dynamical growth of fluctuations on the cosmological parameters
through the dependence of the growth of the amplitude (ie. size) of the fluctuations on the
cosmology. However, in standard cosmology, while the fluctuations are stochastically
isotropic, the individual fluctuations are not isotropic. Thus, a measure of the anisotropy
and the time evolution of such measures can depend on cosmology in a distinct way.
Consequently, this may be used to further constrain cosmological parameters. One expects
that the signatures of anisotropic measures in observations would be related to the shapes
of observed structures. Studying the evolution of shapes of high density regions (observable
as galaxies or galaxy clusters at late times) and comparing with theory (eg. (Ho et al.,
2006)) is difficult because this requires high resolution numerical simulations capturing the
non-linear evolution of these systems. This difficulty can be avoided to a large extent by
studying voids using semi-analytic methods. Therefore, the shapes of voids can be used to
probe cosmology through the evolution of the anisotropy of fluctuations during cosmic
growth.
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Park and Lee (Park and Lee, 2007; Lee and Park, 2009) identified the probability
distribution of a quantity which they called ellipticity 1 related to the eigenvalues of the
tidal tensor. They showed that the distribution was sensitive to the dark energy equation
of state. Besides, they stated that the ellipticity could be derived from a catalog of
galaxies, identifying voids of different sizes and measuring their shapes, and the
distribution was verified using results from N-body simulations. This ellipticity is an
example of a measure of anisotropy of individual fluctuations. The comparison of the
probability distribution can provide complementary constraints on dark energy parameters
if its cosmology dependence is different from other probes. We will not require new probes
to study constraints from voids, rather one can study them using probes designed to study
large scale structure in conventional ways, thereby allowing for better leveraging of data.
Voids may be detected by the use of different void identification algorithms (El-Ad and
Piran, 1997; Hoyle and Vogeley, 2001, 2002; Platen et al., 2007; Neyrinck, 2008; Colberg
et al., 2008), which find voids using different characteristics, and may be considered to be
different definitions of voids. Properties of voids have been explored in 2dF (Hoyle and
Vogeley, 2004) in SDSS (Goldberg et al., 2005; Tikhonov, 2007). The shapes and sizes of
voids in the SDSS DR5 have been explored in Foster and Nelson (2009).
The main objective of this paper is twofold: (a) we want to quantify the potential of using
void ellipticities to probe the nature of dark energy in terms of constraints on dark energy
parameters, (b) and to clarify the model assumptions that are important for this
procedure, which should be verified, or modified according to results from simulations.
This paper is organized as follows: In Sec. II we review the idea that the shapes of voids
can be quantified in terms of asymmetry parameters that can be related to the tidal
tensor. We discuss the initial distribution of eigenvalues of the tidal tensor, and their
evolution to study the evolution of the asymmetry parameters of voids and their
1We note that this is not the conventional definition of ellipticity. Nevertheless, this is a convenient
measure of the departure from spherical symmetry. Following Park and Lee (2007), we shall refer to it as
the ellipticity in the rest of the paper
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dependence on the underlying cosmology. There are different theoretical choices of models
to approximate the non-linear evolution of the initial potential field to observable void
ellipticities. We discuss two different choices in the appendix and show that our results are
insensitive to these choices. In Sec. III, we discuss the parameters from the surveys
considered and our method of estimating the number of voids identified from these surveys.
In Sec. IV, we write down a likelihood and explicit formulae for the Fisher matrix and use
them to forecast constraints from these surveys. We also study how the constraints are
degraded by systematic issues. We summarize the paper and discuss our outlook in Sec. V.
6.2 Theory
In this section, we outline the basic idea of using asymmetry parameters describing the
shapes of voids in estimating cosmological parameters. The anisotropy of fluctuations may
be captured by studying the eigenvectors and eigenvalues of the tidal tensor, which may be
visualized as an ellipsoid with its principal axes along the eigenvectors of the tidal tensor,
and sizes of the principal axes equal to the eigenvalues of the tidal tensor. At early times,
the distribution of these eigenvalues at any point in space is known, and their evolution
can be studied by semi-analytic methods. Therefore, the distribution of these quantities
may be computed theoretically and it is desirable to find observational signatures of this
distribution. Voids form around the minima in the density field of matter. The void
geometry may be approximated by an ellipsoidal shape, which we shall refer to as the void
ellipsoid. The central idea of Park and Lee (2007) is that the shape of the void ellipsoid as
quantified by relative sizes of its principal axes is set by the geometry (functions of the
eigenvalues) of the tidal ellipsoid and these should be strongly correlated. This implies that
the ellipticity measured from the geometry of voids can be used as an observable for
specific functions of the eigenvalues of the tidal tensor. Observations of void shapes at
different redshifts can then be used to trace the evolution of the stochastic distribution of
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these eigenvalues of the tidal ellipsoid at different redshifts. This contains dynamical
information that may be used to constrain cosmological parameters.
We briefly describe measures of ellipticity of the void ellipsoid and their connection to the
eigenvalues of the tidal ellipsoid in subsection 6.2.1: this specifies the functions of the tidal
eigenvalues that are constrained by the void shapes. We then describe the distribution of
eigenvalues of the initial tidal tensor appropriate to an observed void in subsection 6.2.2.
Then, in appendices G.2 and G.3, we study the time evolution of the initial eigenvalues
using two different approximations, and find them to be consistent.
6.2.1 Relating the Asymmetry Parameters to the tidal tensor
To describe the dynamics, we choose the comoving coordinates of particles (or galaxies) as
the Eulerian coordinates ~x, while the Lagrangian coordinates are taken to be ~q, which are
approximately the ‘initial’ Eulerian coordinates at some chosen large redshift. The two
coordinates are always related through the displacement field ~Ψ(~q, τ).
~x = ~q + ~Ψ(~q, τ) (6.1)
While the solution Ψ(~q, τ) describes the dynamics completely, partial aspects of the
dynamics may be described by other measures. The asymmetry of the fluctuation can be
understood in terms of the eigenvectors and eigenvalues of the tidal tensor Ti,j =
∂Ψi(~q)
∂qj
.
This can be visualized as an ellipsoid, which we shall refer to as the tidal ellipsoid, with
principal axes along the eigenvectors of the tidal tensor with sizes equal to the eigenvalues.
For a spherically symmetric fluctuation, these eigenvalues are equal, while the departure
from spherical symmetry may be characterized by different choices of functions of ordered
eigenvalues of the tidal tensor. (See Appendix G.1 for some other popular choices in the
literature.) This was recognized and used in correcting for ellipsoidal collapse of halos
rather than spherical collapse in Press-Schechter like estimates of the mass function of dark
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matter halos (Sheth et al., 2001; Sheth and Tormen, 2002; Chiueh and Lee, 2001). From a
theoretical side, we can describe the evolution of the distribution of these eigenvalues.
Therefore, it is these dynamical quantities that we are interested in, even though they are
not directly observable.
We will next proceed to describe observable quantities which relate to the shape of the
voids, and then show how functions of those observables trace functions of these dynamical
quantities. Since voids form around minima of the density fields where the gradient of field
vanishes, one can approximate the density profiles around the minima by truncating the
Taylor expansion at second order. This gives density profiles that are ellipsoidal in shape.
One may expect voids to inherit this shape, and therefore be approximately ellipsoidal. In
fact, voids have often been modeled as spherical (eg. (van de Weygaert et al., 2004)), while
others have argued that the shapes of larger voids fit ellipsoids well only for smaller
voids (Shandarin et al., 2006). For irregularly shaped voids (obtained by suitable void
identification algorithms), one can define a void ellipsoid by fitting a moment of inertia
tensor to the positions of observed void galaxies ~x in Eulerian coordinates relative to the
void center ~xv
Sij =
∑
k(x
k
i − xvi )(xkj − xvj )
N ,
where the index k runs over the observed galaxies in the void region, and N is the number
of galaxies fitted. The void ellipsoid can be defined as the ellipsoid with principal axes
along the eigenvectors of this mass tensor, and lengths proportional to the square root of
the eigenvalues {J1, J2, J3}. Here, we shall ignore the discrepancy between the actual shape
and this void ellipsoid. Following Park and Lee (2007) (see Appendix. C of Lavaux and
Wandelt (2009) for a calculation to first order), one can relate the eigenvalues of the tidal
tensor {λ1, λ2, λ3} to the functions of the ratio of eigenvalues of the void ellipsoid which
were called ellipticity. Accordingly, the ellipticities {ǫ, ω} of the void ellipsoid are to first
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order
ǫ = 1−
(
J1
J3
)1/4
≈ 1−
(
1− λ1
1− λ3
)1/2
, ω = 1−
(
J2
J3
)1/4
≈ 1−
(
1− λ2
1− λ3
)1/2
. (6.2)
Clearly, this relation will be affected, at least to some extent, by more detailed dynamics.
This would lead to ǫ measured from data sets on voids being correlated with the functions
of {λi} with some scatter. In computing parameter constraints, we shall account for this in
terms of a variance in the quantity ǫ which also contains contributions from observational
errors. We shall assess the impact of this assumption of the void shapes being perfect
tracers of the eigenvalues by studying the degradation of constraints on increasing the
variance in our study of systematics in Section. 6.4.3.
6.2.2 Distribution of Initial Eigenvalues of the Tidal Tensor
An observed void evolves from a fluctuation of low underdensity at early times when the
distribution of fluctuations was Gaussian. Given a void of a given density contrast, at a
particular redshift, we wish to calculate the distribution of eigenvalues of the tidal tensor of
the initial fluctuation.
At early times, the fluctuations are small enough, their growth can be described by linear
perturbation theory, and the distribution remains Gaussian. One can use the statistical
properties of filtered isotropic and homogeneous Gaussian fields to derive a probability
distribution of the ordered eigenvalues of the tidal tensor given by the Doroshkevich
formula (Doroshkevich, 1970).
P (λ1, λ2, λ3|σR) = 3375
8
√
5σ6R
exp
(
−−3K
2
1
2σ2R
+
15K2
2σ2R
)
K3 (6.3)
where K1 = λ1 + λ2 + λ3, K2 = λ1λ2 + λ2λ3 + λ3λ1, while
K3 = −(λ1 − λ2)(λ2 − λ3)(λ3 − λ1), and σ2R is the variance of the smoothed overdensity
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field at the filtering scale R at that time. Note, that this gives the distribution of the size
of the eigenvalues over all spatial points. This distribution is extremely similar but slightly
different if restricted to the maxima of the Gaussian field (Bardeen et al., 1986), or the
minima of the Gaussian field (Lavaux and Wandelt, 2009) which should evolve to voids.
For the small fluctuations, one can use the Jacobian of the transformation from Eulerian to
Lagrangian coordinates to show that the sum of the eigenvalues K1 can be identified with
the density contrast.
It should be noted that this distribution depends on the filtering scale RSmooth as a
parameter while the size of voids is not important. This is appropriate for comparison with
a dataset of voids obtained from redshift surveys by means of an algorithm which uses a
filtering scale as a parameter, rather than the void size. This is true for a class of
algorithms that define voids as regions of space where the smoothed matter density is a
minimum (eg.(Lavaux and Wandelt, 2009; Hahn et al., 2007)) with the smoothing scale
RSmooth being a parameter, with the actual size of voids not being crucial to the definition.
On the other hand there are Void Finding algorithms which define voids as the largest
contiguous underdense regions, obtained by some form of clustering algorithms. A
corresponding parameter here is the size R of the voids related to the void volume by
R3 ≡ 3V
4π
, while the smoothing scale is not crucial. While each algorithm might yield
slightly different properties of voids, it would be expected that they are not too different. In
Appendix G.2, we show that a calculation based on the generalized excursion set formalism
can be used to calculate the distribution of eigenvalues of an initial fluctuation that evolves
to form a void of size R. The result of this calculation supports the above result.
6.2.3 Evolution of the Tidal Eigenvalues
At low redshifts, gravitational collapse introduces non-linearities into the evolution leading
to non-Gaussian distributions of the density field. Thus, the distribution of the tidal
eigenvalues of the previous subsection which assumed Gaussianity are not directly
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applicable. We study the evolution of these eigenvalues with time in two different methods,
one based on the Zeldovich approximation and one based on Bond and Myers (1996).
It is well known that non-linearity is manifested much less in the displacement field or the
gravitational (and the related displacement) potential than in the density field. Therefore
before shell-crossing, the evolution of structures from initial condition may be described by
the Zeldovich approximation, where the displacement field is assumed to be separable into
a time dependent and time independent part. Ψ(q, τ) = D(τ)
D(τ0
Ψ(q, τ0), where D(τ) is the
linear growth function. Hence, at a particular spatial point, its eigenvalues λi(τ) at time τ
evolve linearly from the eigenvalues λi(τ0) at some initial time τ0 as
λi(τ) = D(τ)λi(τ0)/D(τ0). Rewriting the early time eigenvalues in the Doroshkevich
formula (Eqn. 6.3) in terms of the eigenvalues at time τ, one can then find a distribution of
eigenvalues at any time to be given by the Doroshkevich formula where the σR is replaced
by D(τ)σR/D(τ0), the linearly extrapolated variance over the Lagrangian smoothing scale
R. The formula is exactly the same as Eqn. 6.3 with the variance σ2R being replaced by the
linearly extrapolated variance σ2(R, z), and λi replaced by the eigenvalues at the redshift
of the void. Further, since the sum of the eigenvalues K1 at early times was equal to the
density contrast at that time, the term K1 is equal to the linearized density contrast of the
time of the void
δlin(τ) =
D(τ)
D(τ0)
δ(τ0) =
D(τ)
D(τ0)
(λ1(τ0) + λ2(τ0) + λ3(τ0)) = (λ1(τ) + λ2(τ) + λ3(τ)) (6.4)
In regions of high density peaks where structure forms, it has been found that modeling
the density growth as a collapse of a homogeneous ellipsoid leads to a better approximation
to N body simulations. It is unclear whether this should also be true for low density
regions like voids. In Appendix G.3, we study the evolution of the eigenvalues of the tidal
tensor based on ellipsoidal collapse (Bond and Myers, 1996) and find the differences with
the evolution computed using Zeldovich approximation to be small.
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6.2.4 Cosmology Dependence of the Distribution of Ellipticity
Therefore, using the Zeldovich approximation, one can write down the probability
distribution of the eigenvalues of the tidal tensor at any time. Further, using the relations
of the ellipticities of the void (Eqn. 6.2) and the relation of the linearly extrapolated
density contrast to the eigenvalues {λ1, λ2, λ3}, one can recast this as the joint distribution
of the ellipticities {ǫ, ω} given the smoothing scale and the linearly extrapolated density
contrast. Following Park and Lee, we define µ, ν and write the probability distribution for
the larger ellipticity ǫ
µ = (J2/J3)
1/4 , ν = (J1/J3)
1/4
P (µ, ν|σlin(R, z), δlin(z)) = 3
4/4
Γ(5/2)
(
5
2 σ2lin(R, z)
)5/2
exp
(
− 5δ
2
lin(z)
2 σ2lin(R, z)
+
15Kδ2
2 σ2lin(R, z)
)
Kδ3J
P (ǫ|σlin(R, z), δlin(z)) =
∫ 1
1−ǫ
dµP (µ, 1− ǫ|σlin(R, z), δlin(z)) (6.5)
where Kδ2 , K
δ
3 are the values of K2, K3 in Eqn. 6.3 in terms of µ, ν when the constraint of
Eqn. 6.4 holds, and J is the Jacobian in the transformation from the coordinates
{λ1, λ2, δlin} to {µ, ν, δlin}. This last equation gives the probability distribution of the
larger ellipticity ǫ marginalized over the smaller ellipticity ω. It depends on the cosmology
only through the linearly extrapolated variance σ2lin(R, z) of density fluctuations δ(x, z)
smoothed at a certain filtering scale R by a window function WR(x, x
′).
σ2lin(R, z) ≡ 〈δ⋆R(x, z)δR(x, z)〉 = D2(τ)σ2R δR(x, z) =
∫
d3x′δ(x, z)WR(x, x
′) (6.6)
where D(τ) is the growth function and σR is evaluated at early times. For qualitative
understanding, it is useful to think of the variance depending on cosmology through σR
which depends on the primordial power spectrum and the wave mode dependent transfer
function, and the subsequent scale independent growth described by the growth function
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D(τ). While the transfer function depends on most of the cosmological parameters, in
most models dark energy does not become significant at early times. Therefore most of the
effects of dark energy are embedded in the growth function. Closed analytic forms for the
growth function are not known for non-flat cosmologies, with time varying equations of
state dark energies, but Percival (2005) improves upon a fit to the growth function
by Basilakos (2003), so that the fit works for non-flat cosmologies having dark energy with
time varying equation of state as long as they are close to flat LCDM models, even when
the equation of state is less than -1. If we consider the CPL parametrization
w(z) = w0 + wa
z
z + 1
, (6.7)
we see in the left panel of Fig. 6.1 that the growth function changes more dramatically as a
function of w0 than for wa for redshifts below unity. Thus, we expect, that constraints from
voids in these redshift ranges should be stronger on w0 than on wa. From the right panel of
Fig. 6.1, we can see the effect of the filtering scale R on the distribution. Since σlin(R, z) is
a monotonically decreasing function of R, a larger filtering scale (a) shifts the distribution
towards smaller values of ǫ, and (b) sharpens the distribution. This is consistent with
intuition based on previous studies (White and Silk, 1979; Icke, 1984; van de Weygaert
and Bertschinger, 1996). Leaving all other variables the same, increasing R corresponds to
excluding the smaller voids. Since the variation of possible values is caused by the variance
in the Gaussian distribution, a smaller value of σlin(R, z) also corresponds to a sharper
distribution.
In this paper, we shall assume that all voids are found at a linearized density contrast of
δlin = −2.81, the underdensity at shell crossing. We shall compute σlin(R, z) directly from
numerical integration of the smoothed density fluctuations evolved by a modified version of
the Boltzmann code CAMB (Lewis et al., 2000).
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Figure 6.1: Left Panel:The Derivative of the growth function with respect to the dark energy
parameters w0, and wa. The growth function shown has been normalized to unity at a
redshift of 0.01. Right Panel: The theoretical distribution of the largest ellipticity ǫ as a
function of σ(R, z) for δlin=-2.81
6.3 Distribution of Ellipticity: Connecting to
Observations
6.3.1 Estimate of Voids to be found from a survey
Next, we proceed to estimate the number of voids that we expect to find in a certain
survey. We model a survey by considering a redshift survey, which can measure the
redshifts of the galaxies up to a limiting visual magnitude of mL in a given filter and from
a minimum redshift of zmin to a maximum of zmax. In case of photometric surveys, the
errors in redshift can be much larger, leading to errors in the size of the ellipse along the
line of sight, consequently the distribution of ellipticities will have to be marginalized over
this error. Here, we will limit our considerations to spectroscopic surveys, where the error
in measuring the redshift of the galaxies ∼ 10−4 is negligible.
In order to estimate the number of voids of a particular size at a particular redshift, we use
the Press-Schechter formalism to determine the number density of voids in a redshift bin
centered at z, with Eulerian comoving radius between RE and RE + dRE . Simulations
indicate that the number density of voids peaks at a density contrast of δ ≈ −0.85 (Park
and Lee, 2007), we shall consider all the voids to have a density contrast of 0.8, which can
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be seen to correspond to a linearly extrapolated density contrast of -2.81 using the fitting
function in Mo and White (1996). While the usual Press-Schechter formalism matches
simulations well at redshift ranges below ≈ 2, it fails to predict the number of voids
correctly at small scales due to the ‘void in cloud problem’ , which can be avoided if at
each redshift, we restrict ourselves to scales larger than the non-linearity length scale
(Lagrangian) RV inCmin (z) where σ(R
V inC
min (z), z) = 1 (Sheth and van de Weygaert, 2004).
Then, the Press-Schechter formalism reliably predicts the number of voids with the
replacement δc = 1.69→ δv = −2.81 in the standard Press-Schechter formalism (Press and
Schechter, 1974). The number of voids of a particular size can then be found by integrating
over the cosmological volume in the redshift bin, and over the range of radii allowed.
nv(RE , z)dRE =
3
2πR3E
P
(
−|δv(z)|
σRE
) ∣∣∣∣ ddRE
−|δv(z)|
σRE
∣∣∣∣ dRE (6.8)
Nvoid =
∫ z+∆z
z
dΩdz
∫ RE+∆RE
RE
dRE
dV
dzdΩ
nv(RE)
where P (y) =
√
1
2
exp(−y2/2). The number density of voids thus depends exponentially on
σR and therefore the number of voids is extremely sensitive to the minimum radius used.
Since voids are detected by observing galaxies rather than the matter density, the number
of voids detected with small radii will be strongly affected by shot noise (discussed in
subsection 6.4.3). We therefore only consider voids with radii greater than a critical radius
R ≥ Rshotmin (z,Survey). For our purposes then, the minimum of the range of radii of voids at
a redshift z considered must be set to the maximum of RV incmin (z) and R
shot
min(z, Survey).
We now explain our method for computing Rshotmin(z, Survey), from the parameters for a
survey. The minimum radius of voids that we will consider should be related to the average
separation of galaxies observed lsep(z) at the redshift z by the survey in question. We
choose this relationship to be linear Rshotmin (z,Survey) = Alsep(z), and relate the average
separation to the average number density of observed galaxies nbggal(z) at that redshift for
the survey. A choice of A = 2 implies that the probability that a detected void is just due
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to shot noise is less than 0.5 percent while such a scenario for A = 1 is of the order of 50
percent, though void identification algorithms can do better, since they can exploit the
contrast between voids and their higher density environments. In any case, the interesting
regime is in between these numbers and we shall later explore the sensitivity of constraints
to this range.
This background number density of observed galaxies nbggal(z) can be related to the survey
parameters. The mean number density of galaxies in the background universe can be
calculated from the luminosity function (Blanton et al., 2001) of galaxies at the filter band
used in the survey by,
nbggal(z) =
∫ ML
−∞
dMΦX(M, z) (6.9)
where ΦX is the luminosity function for the filter X and ML is the limiting absolute
magnitude of objects at redshift z which are observed by the survey. It can be calculated
from the limiting apparent magnitude of the survey mL by using the formula,
ML = mL − 5 log10DL(z) + 5−A(z)−K(z) (6.10)
Here DL(z) is the luminosity distance to the redshift z in units of pc, A(z) is the correction
due to extinction and K(z) is the K correction arising from the difference in the observed
luminosity of and the rest frame luminosity of an object in a particular frequency band due
to redshifting of photons.
We note that RV inCmin depends on the cosmology, but is independent of the survey, while
Rshotmin(z, survey) also depends on the survey through the filter band, and the limiting
magnitude. A plot of Rnoisemin and R
V inC
min for surveys considered in this paper is shown in
Fig. 6.2. Thus, our estimate of the number of voids identified by each survey depends on
the cosmology, the value of the proportionality constant A and the survey parameters.
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Figure 6.2: Setting the minimum size of voids: the dashed red curve shows the RV inCmin , while
the solid thin (thick) curves show the (twice) the average separation of observed galaxies for
a SDSS DR7 like survey (left) and a EUCLID like survey (right). At a particular redshift,
we only consider voids with sizes larger than both these scales.
Table 6.1: Surveys and parameters used for estimating the number of voids that can be
found by the survey. We chose a survey like SDSS DR7 as an example of a current survey,
and EUCLID as an example of a futuristic survey. For reference, we show the number of
galaxies that these surveys are expected to observe.
Survey fsky Freq Band Limiting Magnitude Number of Voids Number of Galaxies
A = 2,A = 1
SDSS= DR72 0.24 r 18 1292,3104 1.7 106
EUCLID= 3 0.48 K 22 1.4 105, 2.3 106 5.2 108
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6.4 Results
6.4.1 Likelihood function and Fisher matrix
In order to study the potential constraints on cosmological parameters, we need to write
down a simple model for the data. We assume that by applying appropriate simulation
algorithms, we can identify a set of voids at each redshift bin corresponding to a particular
smoothing scale. We expect to measure the ellipticities of each of these voids with some
error. We model the error as an additive Gaussian noise n on the ellipticity ǫs:
ǫd(R, z) = ǫs(R, z) + n, n ∼ G(0, σǫ) (6.11)
ǫs itself is a random variable following the distribution of the ellipticities at the relevant
redshift. Then we can write down the likelihood function, which is the probability for
finding a void with a measured largest ellipticity ǫd given the cosmological parameters
L(ǫd|Θ) =
∫
dǫsP (ǫd|ǫs)P (ǫs|σǫ,Θ) (6.12)
One expects that the error in measuring the ellipticities will be set by the errors in
measuring the principal axes of the void ellipsoid. For a spectroscopic survey, the positions
of galaxies are well measured. Ignoring effects of redshift distortion/finger of god effects
the precision level of the measurement of the principal axes would be set by the errors in
the void finding algorithm. Of course, this will be limited by the relative sizes of the void
wall thickness to the void radius ∆. For ∆ ∼ 0.1− 0.4, ǫ ≈ 0.2 around the maximum for
standard cosmological parameters, the error in ǫ is of the order of 0.1. The errors in the
measurement of each void is statistically independent. Thus the likelihood function for an
entire data set consisting of voids at different redshifts can be computed as the product of
Eqn. 6.12 for each void. Consequently, the log of the likelihood function L(ǫd|Θ) is
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additive for each void.
Given the likelihood function for a single void, one can compute the Fisher matrix F
defined as an expectation over all possible sets of data,
Fij =
〈
∂L(ǫd|Θ, σǫ)
∂Θi
∂L(ǫd|Θ, σǫ)
∂Θj
〉
=
∫ 1
0
dǫdL(ǫd|Θ, σǫ)∂L(ǫd|Θ, σǫ)
∂Θi
∂L(ǫd|Θ, σǫ)
∂Θj
(6.13)
where all the derivatives are taken at a fiducial choice of the cosmological parameters Θp.
Since, in our model the error in measuring the ellipticity is independent of the cosmological
parameters, and the ellipticity depends on the cosmological parameters through the
variance of the fluctuations σ2R only, we can factorize this into a matrix of mixed partial
derivatives of σR with respect to the cosmological parameters, and the derivatives of the
log likelihood with respect to σR. We evaluate both of these derivatives numerically. The
main contribution to the derivatives comes from the regions where the probability is
smallest. However, these contributions are suppressed in the expectation values, since these
regions have low probabilities. Finally, we must sum this contribution for the Fisher matrix
over all the voids in the data set. The result thus depends critically on the number of voids
in the data set.
6.4.2 Forecasts of constraints on the CPL parameters
We consider Fisher forecasts for a cosmology with the non-baryonic matter assumed to be
cold, neglect effects of neutrino masses and parametrize the evolution of the dark energy
equation of state with a CPL parametrization. The primordial perturbations are assumed
to be Gaussian distributed, and characterized by a spectrum which is a power law with an
initial amplitude As, and a scale independent tilt ns. The distribution of ellipticities
depends on both the amplitude of primordial perturbations, and the spectral index
through the dependence of the variance on the scale of smoothing. As is well known, these
quantities As, ns are not exactly known, and have a degeneracy with τ, the optical depth of
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reionization. Further, the constraints on the equation of state parameters can depend
strongly on the knowledge of the curvature parameter (Biswas and Wandelt, 2009). We
therefore consider forecasts for constraints on the CPL parameters w0, wa after
marginalizing over all other cosmological parameters from a maximal set shown in
Table. 6.4.2, along with the fiducial values used for computing the Fisher forecasts.
All of these parameters are not well constrained by a single experiment. Consequently, we
shall consider Fisher forecasts using ellipticity distribution of voids from two spectroscopic
surveys: the recent SDSS DR7 and the futuristic EUCLID with the survey parameters
assumed summarized in Table. 6.3.1. We will assume A = 1, σǫ = 0.1. Following the work
in (Lavaux and Wandelt, 2009), we will identify the smoothing scale as being a quarter of
the radius of the void. For CMB constraints, we will consider Fisher forecasts computed
from PLANCK 4 The expressions for the Fisher matrix for CMB data are given in Tegmark
et al. (1998). The survey parameters for PLANCK are taken from the Table. 1.1 of the
PLANCK Bluebook (The Planck Collaboration, 2006), and are summarized in Table. 6.3.
We consider Fisher forecasts of Supernovae from two surveys: for a survey like Dark
Energy Survey the number of supernovae expected is of the order of 1300, and the
maximum redshift is around 0.7. We model this with a redshift distribution taken
from (Zhan et al., 2008) designed to be cut off at z=0.7, and assume perfect measurement
of redshift, due to plans of spectroscopic follow-up. The errors in the magnitude are
assumed to be of the order of the intrinsic dispersion from light curve fitting techniques
today (0.15). We also consider a futuristic photometric Supernova Ia survey LSST (LSST
Science Collaborations and LSST Project., 2009), where about 500,000 SNe Ia suitable for
constraining dark energy parameters could be observed. We model the errors by assuming
magnitude errors of the order of 0.12 from intrinsic dispersion, and photometric errors in
redshift determination of the order of ∆z = 0.01(1 + z), and assuming that this adds an
error dm
dz
∆z in quadrature to the intrinsic dispersion. We use the redshift distribution in
4http://www.rssd.esa.int/index.php?project=Planck
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Table 6.2: Parametrization of the cosmology and the fiducial values chosen for the maximal
set of parameters used in evaluating the Fisher forecasts. Constraints are also discussed
after imposing flatness.
Ωbh
2 Ωch
2 θ τ Ωk w0 wa ns log(10
10As)
0.02236 0.105 1.04 0.09 0.0 -1 0 0.95 3.13
Table 6.3: Parameters of the PLANCK Survey used in determining CMB constraints
Frequency Channel 30 44 70 100 143 217 353
(GHz)
Beam Width 33 24.0 14.0 10.0 7.1 5.0 5.0
(FWHM) arc min
Temperature Noise per Pixel 2.0 2.7 4.7 2.5 2.2 4.8 14.7
Polarization Noise per Pixel 2.8 3.9 6.7 4.0 4.2 9.8 29.8
Table 1.2 of the (LSST Science Collaborations and LSST Project., 2009) to model the
redshift distribution of the LSST survey.
In Fig. 6.3, we present the constraints on the equation of state parameters w0, wa by
combining constraints for two sets of data (a) data representative of current or near future
(left panels), and (b) data representative of more futuristic data (right panels). The
forecasts for one sigma constraints using void ellipticities + CMB + HST are shown in
open circles, assuming A = 1. The error in measuring the ellipticities σǫ is taken as 0.1.
The ellipses made of black ”+” show the constraints for SNe + HST +CMB (PLANCK).
The solid, thick, blue ellipses show the constraints when these constraint are combined
(CMB (PLANCK) +SNE +HST + Voids). In the left panels of the figure, the voids
considered are from a survey like SDSS DR7, and the SNe considered are from a survey
like DES. In the right panels the voids considered are from a futuristic survey like
EUCLID, and the SNe are from a futuristic photometric survey like LSST. The upper
panels show the constraints marginalized over all other parameters in the maximal set,
while the lower panels show the marginalized constraints for a flat universe. For reference,
we show the thick, green contours showing the one sigma constraints from current SNe
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Figure 6.3: Comparison of forecasts on one σ constraints on the CPL parameters
with standard probes using the identification RSmooth = RV oid/4, A = 1, and σǫ = 0.1:
for data from the near future (left panels) and futuristic data (right panels). PLANCK and
HST priors were used in all of these forecasts. For reference, we show the current constraints
(Biswas and Wandelt, 2009) in the thick green contours, and forecasted constraints from
clusters (number counts and power spectrum) + PLANCK taken from (Wang et al., 2004).
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(Union) + HST + CMB (WMAP 5) data from (Biswas and Wandelt, 2009). For the flat
universe in the lower panels , we also show the constraints from CMB (PLANCK) + HST
+ Clusters (Power spectrum + Number counts) from (Wang et al., 2004). In the lower left
panel the Clusters considered from the SPT survey, while the lower right panels show the
constraints from clusters from LSST.
Firstly, these figures show that the inclusion of constraints from void ellipticities
significantly improves parameter constraints and the constraints from Voids along with
CMB and HST data are comparable to the joint constraints obtained by using SNe Ia,
CMB and HST data both in the near future and the far future. As is common, following
Albrecht et al. (2006), we quantify this in terms of a Figure of Merit (FoM) which is
inversely proportional to the area of the two sigma contours (ie. proportional to the inverse
of the determinant of the w0, wa submatrix of the inverse of the Fisher Matrix). We
calculate the FoM relative to the FoM without voids for each of the upper panels:
FoM(experiments) = det(SNE + PLANCK +HST)/det(experiments)
where experiments refer to the combination of experiments we consider the FoM for, and
the SNE experiments in the numerator refer to the DES for the left panel, and LSST for
the right panel. The relative FoM for these results are shown in 6.4 (for A = 1, σ = 0.1).
We see that the constraints with the use of (Voids + CMB + HST) is not good as, but
somewhat comparable (Relative FoM =0.6) to the constraints due to (SNe + CMB +
HST), but adding the void constraints to the SNE +CMB +HST data offers a moderate
gain (FoM = 13.3). For the futuristic case, the use of (Voids + CMB + HST) is is better
than the corresponding (CMB + SNe +HST) data (FoM=70.4), while combining these
constraints improves the FoM by a factor of 2500.
We should stress that even the results for the SDSS DR7 survey (with a relative FoM of
0.6) are promising, because they are a different way of probing the dynamics and therefore
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can be potentially useful in determining consistency of the underlying cosmological model.
Clearly the addition of void ellipticities as an observable for parameter estimation increases
our knowledge of the cosmological parameters in other cases.
6.4.3 Study of Possible Systematics
While we have shown that our forecasted constraints are extremely promising, we have
used order of magnitude calculations often based on first order results in semi-analytic
models. By doing N-body simulations of large scale structure it is possible to replace these
by more accurate calculations, and use it for estimating cosmological parameters. This
would be the goal of future work in this direction. But is it possible that when such a
rigorous analysis is carried out the constraints might get terribly degraded and not be
interesting any more? The objective of this subsection is to address this concern by trying
to list the major assumptions that would need to be replaced in a rigorous calculation, and
trying to obtain a sense for how far these constraints might be degraded. We discuss the
basic assumptions and explain how we might expect these factors to affect the forecasts.
(a)Effects of Shot Noise on the Number estimate of Voids: Our constraints are obviously
dependent on our estimate of the number of voids that would be detected in a particular
survey. Thus, regions of space which are not true voids but get misidentified as voids would
cause a spurious enhancement of signal. Recall that voids have been defined as regions of
space where the total matter density is low (or minimum) but are identified by the low
density of galaxies which are biased baryonic tracers of the density field. The lack of direct
knowledge of the dark matter density field is often addressed in the context of the Poisson
Sample Model, where density contrast of galaxies is described as a Poisson point process
with a mean density proportional to the dark matter density. Thus, there is a chance of
identifying a region which has low density of galaxies but not dark matter as a void.
Consequently, due to shot noise, one can only confidently infer a region of low galaxy
density to be a void if the region is large relative to the average separation
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Figure 6.4: Effects of Shot Noise: Sensitivity of one sigma constraints to the
efficiency of the void finder: Degradation of constraints due to low efficiency of the void
finder with the constraints shown in Fig. 6.3 assuming high efficiency from the near future
(left panel) and futuristic data (right panel). HST and PLANCK constraints were used in
all these plots.
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lsep(z) ∼ (nbggal)−1/3 of visible galaxies at that redshift. This means that small voids might
not really be voids, and the problem is exacerbated by the fact that the number of voids
increases exponentially with smaller sizes of voids. A sophisticated treatment of this
problem would associate a probability to describe the confidence of detection (for example
as in Neyrinck (2008)) and incorporate that in the Likelihood. We use a rough model to
estimate the importance of this effect by only choosing a minimum radius Rshotmin(z, survey)
of voids related to the lsep(z) as discussed before. A larger value of A results in a larger
values of lsep(z) which leads to a higher threshold for the minimum size of voids observed
in the survey. Since the minimum radius of voids is set by the maximum of this survey
dependent Rshotmin and the survey independent R
V inc
min (Void in Cloud), this changes the
numbers of voids strongly where Rshotmin is much smaller than R
V inc
min . We therefore compare
the constraints for a pessimistic value of A = 2 to the constraints obtained in Fig. 6.3 with
A = 1. In Fig. 6.4, we show the Fisher forecasts for values of ∆ assuming the same value
σǫ = 0.1 for both cases. The red ellipse with open circles show the constraints from Voids
(SDSS) + HST + PLANCK in the left panel, and Voids (EUCLID) + PLANCK + HST
(right panel) for A = 1, while the open green squares show the same constraints if A = 2.
When additionally, supernovae data is used: on the left panel we have DES SNe + HST
+PLANCK + SDSS Voids, while on the right panel we use LSST SNe + HST + PLANCK
+ EUCLID Voids. The solid, thin black ellipse shows these constraints for A = 1, while the
solid thick blue ellipse show these constraints for A = 2. For reference, we use the black
”+” to show the constraints from DES SNe+ PLANCK + HST on the left panel, and
LSST SNe + PLANCK + HST on the right panel. Clearly, while the constraints change,
there is no severe degradation due to shot noise for the case based on DR7 survey, while
this is somewhat important for the case based on EUCLID. We summarize the degradation
in terms of a relative FoM in Table. 6.4.
(b) Bias: Since the observations pertain to galaxies rather than the dark matter
distribution, we have no direct knowledge of the dark matter distribution even though the
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Figure 6.5: Impact of Bias: Degraded constraints on voids due to marginalization over a
linear scale independent bias compared to constraints shown in Fig. 6.3 for data from the
near future (left panel) and futuristic data (right panel). HST and PLANCK priors were
considered for all of these plots.
135
galaxy distribution and dark matter distribution are correlated. The qualitative
understanding of the situation is that galaxies form due to the collapse of baryons into
gravitational potential wells of collapsed dissipation-less dark matter. The simplest
popular idea of linear scale independent bias models this by assuming that locally, the dark
matter density contrast δg is proportional to the the total matter density contrast δm, and
the constant of proportionality is called the bias b. Bias different from unity affects our
forecasts in two ways: (i) first, the Lagrangian radius of the void is estimated incorrectly as
a function of δg rather than δm. This leads to the use of a variance σR on the incorrect
scale, and second (ii) since we use the probability distribution of the eigenvalues
conditioned on the density contrast of the voids, this changes the distribution of the
eigenvalues. To address the issue of bias, we recalculate the forecasts by adding an extra
parameter, the bias b to our set of cosmological parameters and marginalize over b as a
nuisance parameter. The Fisher constraints for the near future are presented in the left
panel of Fig. 6.5, while the right panel shows the constraints for the far future. In both
cases, the red open circles show the constraints of Voids + PLANCK + HST from the
upper panel of Fig. 6.3, while the solid thin black line shows the constraints from Voids
+PLANCK + HST +SNE, where it was assumed that b = 1. The green open squares show
the corresponding constraints for Voids + HST + PLANCK, and the thick blue solid
ellipses show the constraints for Voids + HST +PLANCK + SNE, when the bias is
marginalized over.
(c) Void Selection Prescription While the eigenvalues of the void ellipsoid are expected to
trace the eigenvalues of the tidal ellipsoid, the eigenvalues themselves are stochastic
quantities and the connection to theory comes from studying the distribution of these
eigenvalues. Hence it is important to select a set of voids from the data that will accurately
reflect the theoretical distribution computed. As discussed in Colberg et al. (2008), the
void finders available use different methods to identify voids, and these result in different
definitions of voids. A number of these void finders are based on demarcating contiguous
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Figure 6.6: Sensitivity of Fisher Constraints with respect to the prescription of
Void Selection: Comparison of the constraints (red open circles) from voids shown in
Fig. 6.3 with other prescriptions. PLANCK and HST priors were used in all these plots.
The other prescriptions lead to better constraints
regions of space of different shapes through some variant of a clustering algorithm, while
other void finders like Lavaux and Wandelt (2009) identify voids from a density field
smoothed at a particular length scale. On the theoretical side, we can compute the
probability distribution of the eigenvalues of the tidal tensor analytically through the
Doroshkevich formula Eqn. 6.3, which we use in the computations here, which is the
distribution valid at all points in space rather than at voids in particular. One may also
compute the distribution of the eigenvalues (i) for a void of size R identified with the size
of the fluctuation at shell crossing as shown in subsections 6.2.2 and 6.2.3, or (ii) at the
minima of the density field when smoothed at a particular length scale (eg. see Appendix
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B of Lavaux and Wandelt (2009)). Both of these are not analytic estimates, but they can
used to construct samples of the eigenvalue distributions using Monte Carlo methods and
lend themselves naturally to use with the two classes of void finders respectively. The use
of computationally intensive Monte Carlo is beyond the scope of this paper based on
Fisher estimates. Instead we use the analytic Doroshkevich formula which was shown to be
close to both of these distributions, but this requires us to identify the set of voids that
correspond to the voids obtained by smoothing the density field at a particular Lagrangian
scale RSmooth. If we find a set of voids at a particular redshift of a set of different sizes, how
can we identify what smoothing scale these voids correspond to? Given a set of point
particles in space, we understand the action of smoothing: it tends to homogenize the field
at scales below the smoothing scale. Thus, one may expect that on smoothing by a scale
RSmooth, one will be left with voids with distribution such that there are few voids of size
below ≈ RSmooth, while the smoothing operation may slightly modify the shapes and sizes
voids of larger size. At a particular redshift, the probability of forming large voids is much
smaller than forming smaller voids. Consequently, the distribution of sizes of voids when
the density field is smoothed to a scale RSmooth, should be peaked at ∼ RSmooth. From
simulations used in Lavaux and Wandelt (2009), it appears that the distribution of the
number of voids with radius R in a density field smoothed by a filter of size RSmooth, is
peaked at R ≈ 4RSmooth and falls off rapidly above that. While this inspired our choice for
identification of voids, it is important to keep in mind that the distribution depends on the
cosmological parameters through σlin(R, z). Consequently using an inaccurate selection
criterion for voids can introduce biases in parameter estimation, and the correct
prescription may also change the errors and constraints. In order to get a sense for how
severely the constraints might be degraded when this is done, we compute the constraints
for three different prescriptions of identification the set of voids and compare how far the
constraints are degraded in different cases that suggest themselves. From the right panel of
Fig. 6.1, we see that the distribution gets broader for larger values of σR. Since this
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corresponds to lower theoretical predictability, we should expect the parameter constraints
to get degraded as the filtering scale R becomes smaller. On the other hand, this will lead
to a larger number of voids since there are many more smaller voids.
One may expect that when the density field is smoothed at RSmooth, a non-negligible
fraction of the voids have radii between RSmooth and 4RSmooth. We can therefore use a
different limit R = RSmooth in accordance with our calculations using the generalized
excursion set formalism in subsection. 6.2.2. Finally, if we assume that all voids larger
than a particular smoothing scale would be found, we can take RSmooth = Min({R}) found
in that redshift bin. This is similar to the method adopted by Lee and Park (2009). The
corresponding constraints are shown in Fig. 6.6. The red open circles show the constraints
shown in Fig. 6.3 for the prescription where RSmooth = R/4, while the blue asterisks show
the constraints obtained for the case where RSmooth = R, and the open green squares show
the constraints for the case where RSmooth =Min({R}).
(d)Sensitivity to Error Levels
As discussed before, in our method of forecasting for Fig. 6.3, we have used a Gaussian
Likelihood with an error σǫ = 0.1 assuming that its order was set by the uncertainty of
measuring the void size which was limited by the size of the void shell (if ∆ ≈ 0.4). Indeed,
this seems larger than the values of the error levels computed in section 5.3.2 of Lavaux
and Wandelt (2009). Further, in our analysis, we have assumed that the ellipticities of the
mass tensor of voids are perfect tracers of ellipticity of the tidal tensor. More realistically,
there would be some scatter around the correlation as shown in section 5.2 of Lavaux and
Wandelt (2009). It is quite possible that scatter of this kind, or the assumptions that we
have made might increase the level of error bars on ǫ quantitatively. Therefore, we
investigate the sensitivity of the constraints to the value of σǫ, the error to which the
ellipticity was assumed to be measured.
We show these constraints in Fig. 6.7, where the contours with red open circles show the
constraints using Voids + PLANCK + HST shown in the upper panels of Fig. 6.3 with
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Figure 6.7: Sensitivity of Fisher Constraints with σǫ: Comparison of constraints from
voids (open red circles) with σǫ = 0.1 shown in Fig. 6.3 with pessimistically degraded con-
straints from voids due to a larger σǫ = 0.4 for data in the near future (left panel) and in the
far future (right panel). Despite the degradation, the constraints are still interesting. HST
and PLANCK priors were used in all the plots.
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A = 1 and σǫ = 0.1, while the open green squares are the constraints where σepsilon has
been increased to 0.4. The solid lines show the constraints where the constraints are
estimated with simultaneous use of the SNe data, ie. DES SNE for the left panel and
LSST SNe for the right panel. The thin black solid line is for σǫ = 0.1, while the thick blue
solid line is for σǫ = 0.4. The contours in black ”+” symbols show the constraints from
SNe + PLANCK + HST for reference.
Table 6.4: Relative Figure of Merit (FoM) for using voids
SDSS+DES+HST+PLANCK EUCLID+LSST+HST+PLANCK
Parameters Voids+CMB+HST Voids + CMB+ HST +SNE Voids+CMB+HST Voids+CMB+HST+SNE
A = 1, σ = 0.1 1.2 16.8 8.8 331.0
A = 2, σ = 0.1 0.6 13.3 0.5 21.3
A = 1, σ = 0.4 0.5 7.7 0.7 27.6
Marginalized over b 0.2 3.3 0.2 104.5
RSmooth =Min({R}) 6.1 24.9 3.6 73.0
RSmooth = R 6.1 24.7 4.8 85.2
6.5 Summary and Discussions
The growth of cosmic structures with time depends on the background cosmology.
Consequently, the growth of structures have been used to constrain the parameters of the
background cosmology. Traditionally, the measures of growth used have characterized the
growth of the volume of fluctuations. However, since the fluctuations are not individually
isotropic, there is further information about the cosmology in the growth of asymmetry of
the structures which could be extracted from its shape. Such a quantity parametrizing the
shape of voids and its evolution was studied in Park and Lee (2007); Lee and Park (2009).
The basic idea is that void shapes can be approximated as ellipsoidal structures, and
relative sizes of the principal axes can be used as tracers of functions of eigenvalues of the
tidal ellipsoid. In a spectroscopic survey, all three axes of the void ellipsoid may be
measured, and thus asymmetry parameters which describe the shape of the ellipsoid are
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related to the quantities involving the eigenvalues of the tidal tensor, which depend on the
background cosmology through the linearly extrapolated variance in fluctuations. Such
spectroscopic surveys have been planned for studying large scale structure using traditional
methods; thus the use of shapes does not necessarily require new surveys, but allows one to
leverage data in an additional way. Lavaux and Wandelt (2009) show that recovering the
the tidal ellipticity of voids to high precision is indeed feasible. To do so, they identify
voids and characterize the void tidal ellipticity using the simulated galaxy positions derived
from a numerical simulation. These derived ellipticities are then compared to the tidal
ellipticity of the complete displacement field given by the simulation.
In this paper, we study the constraints on dark energy parameters from future surveys in
terms of Fisher forecasts. The likelihood is a strong function of the linearly extrapolated
variance of fluctuations at the redshift of the void at the scale of the Lagrangian size of the
void. Since voids expand in comoving coordinates, their Lagrangian size is smaller than
their observed (comoving) size, and this corresponds to a larger variance. variance at a
smaller scale than the observed void size. We assume an error model with Gaussian noise
on the measured ellipticity of the voids, and an arbitrarily assumed error on the ellipticity.
We provide explicit formulae for Fisher matrices, and an estimate of the number of voids
expected to be found from planned future surveys using semi-analytic methods. By
comparing these Fisher constraints using void shapes from these surveys to the traditional
constraints from other measures, we find this method to be promising: the constraints are
quite competitive with traditional probes in the near future and combining the constraints
with supernovae data improves the DETF Figure of Merit for the supernovae data by a
factor of about ten. For futuristic data, we find that the constraints are close to ten times
better than supernovae data, and combining with supernovae data, we can improve the
FoM by a factor of a few hundred.
We have used the Doroshkevich formula for the ellipticity throughout, but it has been
shown (Lavaux and Wandelt, 2009) that the distribution of ellipticity for a minima in the
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density field is slightly different. In actual parameter estimation, we will have to account
for this. We shall also have to use the scatter in the correlation of the ellipticity of the void
ellipsoid with the real shape of the tidal tensor as obtained from specific void identification
algorithms. An issue we have not addressed here is the ellipticity of voids that can be
generated due to redshift distortions (Ryden, 1995; Ryden and Melott, 1996) which would
have to be modeled to obtain unbiased parameter constraints from voids.
The Fisher constraints are computed using simple models of dynamics and a likelihood.
For estimation of parameters, each of these would need to be computed precisely. In the
subsection 6.4.3, we discuss some of the main sources of errors and ambiguities in our
forecasts. We indicate how more rigorous, though computationally intensive calculations
may be devised. We attempt to estimate how the parameter constraints might be affected
by these more rigorous methods. While the constraints are often weakened, they still
remain at least competitive with other constraints in the near future and the far future. In
the case of futuristic surveys, addition of the void ellipticity to other constraints result in
an improvement of the FoM by a factor of at least a hundred, in spite of degradation due
to additional systematics. We therefore feel that our study makes a strong case for
pursuing this idea in greater detail.
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Chapter 7
Constraining a spatially dependent
rotation of the Cosmic Microwave
Background Polarization Angle
In this chapter, we describe work done in collaboration with Amit Yadav, Meng Su and
Matias Zaldarriaga presented in Yadav et al. (2009).
7.1 Introduction
The polarization of the Cosmic Microwave Background (CMB) field can be studied in
terms of the parity even E and parity odd B-modes Seljak and Zaldarriaga (1997, 1998);
Kamionkowski et al. (1997a,b). In standard cosmology, the physics governing the radiating
field is parity invariant. Hence, the parity odd correlations 〈TB〉, 〈EB〉 vanish identically
irrespective of the exact values of the cosmological parameters. However, the plane of
linear polarization of CMB fields can be rotated due to interactions which introduce a
different dispersion relation for the left and right circularly polarized modes, during
propagation from the surface of last scattering surface to the earth. Such rotations
generate non-zero cross-correlations 〈TB〉, 〈EB〉 in the CMB field. Thus, measurement of
these correlations allows us to estimate the rotation of the plane of the CMB
polarization (Lue et al., 1999). Such interactions can come from three main sources: (a)
interaction with dust foregrounds, (b) Faraday rotation due to interaction with background
magnetic fields, and (c) interactions with pseudoscalar fields Carroll (1998a). The
interaction with foregrounds leads to a a frequency dependent effect. The same is true of
Faraday rotation, where the frequency dependence is (∼ ν−2) (Kosowsky and Loeb, 1996;
Kosowsky et al., 2005; Campanelli et al., 2004; Sco´ccola et al., 2004), while the interaction
with pseudo-scalar fields is frequency independent. The distinct frequency dependencies
allow one to separate these effects.
We know that parity is violated by weak interactions, and is possibly violated in the early
universe, to give rise to baryon asymmetry. Hence, investigating the existence of parity
violating interactions involving cosmologically evolving scalar fields is well motivated. As
an example we consider an interaction of the form φ
2M
FµνF˜
µν Carroll (1998a); Pospelov
et al. (2008). It has been shown that such a term can rotate polarization vector of linearly
polarized light by an angle of rotation α = 1
M
∫
dτφ˙ during propagation for a conformal
time τ . The fluctuations in the scalar field φ then will be imprinted in the rotation angle α
of the polarization. It is interesting to ask what is the level of these fluctuations that can
be detected with the upcoming CMB polarization experiments.
However, the observational situation is somewhat complicated by the fact that the
measured CMB fields could be rotated with respect to the signal due to instrumental
systematics: a mis-calibration of the orientation of the instrument which results in a
constant rotation and differential offsets of the orientation of the individual detectors of the
instrument resulting in rotation dependent on angular position nˆ. It should be noted that
this systematic effect is also a concern for the detection of polarization B modes, a major
goal for forthcoming polarization experiments, since it can result in a spurious B-mode
detection. Rotation of the CMB α(n), either due to interactions with a pseudoscalar field,
or due to the instrumental rotation miscalibration can be a function of angular position (nˆ).
An estimator for the spatially varying ration angle α(nˆ) has been reported in
Kamionkowski (2008). Here, we point out that the widely used formalism for gravitational
lensing (Hu and Okamoto, 2002) may be suitably modified to describe the rotation of CMB
polarization. We use this to construct approximate, but simpler form of the quadratic
estimator of α(nˆ) using the flat-sky limit, and study its variance.
These estimators may be used to study the physics behind the rotation of the polarization
of light. As we shall discuss, we can also put an upper-bound on the frequency independent
145
rotation from non-standard interactions. We also discuss the use our the estimator αˆ(nˆ) to
control instrumental rotation systematics for the detection of primordial B-modes. The
presence of rotation systematics in the instrument generates B-modes. Hence, the control
of rotation systematics of instruments is important for the measurement of B-modes of the
CMB polarization; a major goal of subsequent polarization experiments. In this paper, we
will discuss the prospects of detecting non-standard physics through measuring the angle of
rotation, and the level to which we can control rotation systematics by this estimator.
A search for a constant rotation of the polarized light by an angle α from radio galaxies
and the CMB is already underway Komatsu et al. (2008); Wu et al. (2008); Xia et al.
(2008a,b); Feng et al. (2006); Kahniashvili et al. (2008); Carroll et al. (1990); Cabella et al.
(2007). So far, there is no evidence of non-zero angle of rotation, and the angle α is
constrained to be less than a few degrees Komatsu et al. (2008); Wu et al. (2008). At
present, there are no studies of constraints on spatially varying rotation angle α(nˆ).
7.2 Formalism
In this section, we will construct an estimator for the spatially varying rotation field. We
shall also describe a physical scenario which give rise to a frequency independent but
spatially varying rotation.
7.2.1 Estimator for Spatially Dependent Rotation Field
We will describe the observable effect of rotation on the CMB polarization fields. Let the
un-rotated (usual) CMB temperature field and the Stokes parameters at angular position nˆ
be T˜ (nˆ), and Q˜(nˆ), U˜(nˆ) respectively. The relevant ensemble averages of the un-rotated
CMB field can be encapsulated in
〈x˜(l)〉 = 0, 〈x˜⋆(l)x˜′(l′)〉 = (2π)2δ(l− l′)C˜xx′
l
, (7.1)
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where x, x′ run over the T,E, or B fields, and C˜xx
′
l
is the un-rotated CMB power spectrum.
The temperature fields are invariant under a rotation of the polarization by an angle α(nˆ)
at the angular position nˆ, while the Stokes parameters transform like a spin two field.
Thus, due to rotation, the observed fields are
(Q(nˆ)± iU(nˆ)) = (Q˜(nˆ)± U˜(nˆ)) exp(±2iα(nˆ)). (7.2)
The E and B fields of the CMB can be constructed from observed Stokes parameters. In a
Fourier basis, in the flat sky approximation,
[E ± iB] (l) =
∫
dnˆ [Q(nˆ)± iU(nˆ)]e∓2iϕle−iˆl·nˆ , (7.3)
where ϕl = cos
−1(nˆ · lˆ). Since, the angle of rotation is already constrained to be small, we
will work out the effects to first order in α(nˆ).
Since, we can only compute correlations of the CMB polarization modes theoretically, we
want to isolate the change in correlations due to this rotation. Even in the absence of the
physics causing rotation, we expect the CMB fields to be gravitationally lensed by matter
inhomogeneities. Hence, the change due to rotation is the difference between lensed rotated
fields, and lensed un-rotated fields T˜ , E˜, B˜. We make the similarity of our problem with
gravitational lensing of the CMB Hu and Okamoto (2002) manifest by writing the change
in the CMB field modes δx(l) = x(l)− x˜(l) due to rotation
δT (l) = 0 , (7.4)
δB(l) =
∫
d2l′
(2π)2
[
E˜(l′) cos 2ϕl′l − B˜(l′) sin 2ϕl′l
]
W (L),
δE(l) = −
∫
d2l′
(2π)2
[
B˜(l′) cos 2ϕl′l + E˜(l
′) sin 2ϕl′l
]
W (L),
where L = l− l′, and ϕll′ = ϕl − ϕl′ and W (L) = 2α(L). Thus, due to rotation, a mode of
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Table 7.1: Minimum variance filters
xx′ fxx′(l1, l2)
TE 2C˜TEl1 sin 2ϕl1l2
TB 2C˜TEl1 cos 2ϕl1l2
EE 2[C˜EEl1 − C˜EEl2 ] sin 2ϕl1l2
EB 2[C˜EEl1 − C˜BBl2 ] cos 2ϕl1l2
BB [C˜BBl1 + C˜
BB
l2
] sin 2ϕl1l2
wavevector L mixes the polarization modes of wavevectors l and l′ = l− L. Taking the
ensemble average of the CMB fields for the fixed α field, one gets
〈x⋆(l)x′(l′)〉CMB = 〈x˜⋆(l)x˜′(l′)〉+ fxx′(l, l′)α(L) . (7.5)
The TE, and TB correlations are produced indirectly via non-zero primordial TE
correlation.
Our goal is to use Eq. (7.5) to construct a suitable estimator of the Fourier components
α(L) of the rotation field in terms of the observed fields T (l), E(l), B(l) and a theoretical
computation of the power spectra involving un-rotated fields. Following Hu and Okamoto
(2002), we can define an unbiased quadratic estimator αˆxx′(L) for α(L) for each
combination of the CMB modes x(l1), x
′(l2) by weighting quadratic combinations of
different polarization modes by Fxx′(l1, l2) appropriately:
αˆxx′(L) = Axx′(L)
∫
d2l1
(2π)2
[
x(l1)x
′(l2)
−〈x˜(l1)x˜′(l2)〉
]
Fxx′(l1, l2) , (7.6)
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where L = l2 − l1, and the normalization
Axx′(L) =
[∫
d2l1
(2π)2
fxx′(l1, l2)Fxx′(l1, l2)
]−1
, (7.7)
is chosen to make the estimator unbiased, i.e. 〈αˆ(L)〉 = α(L). The fields x(l) can be
obtained from the map of an experiment, while the CMB power spectrum of un-rotated
but lensed fields can be computed from publicly available Boltzmann codes like CMBfast
and CAMB.
The weights Fxx′ can be optimized by minimizing the variance 〈α˜xx′(L)α˜⋆xx′(L′)〉. For
xx′ = TB and EB
Fxx′(l1, l2) =
fxx′(l1, l2)
Cxxl1 C
x′x′
l2
, (7.8)
where Cxxl2 and C
x′x′
l2
are the observed power spectra including the effects of both the signal
and the noise,
Cxx
′
ℓ = C˜
xx′
ℓ + C
xx′,n
ℓ , (7.9)
where Cxx
′,n
ℓ is the noise power spectrum. We assume the detector noise to be known
apriori, be isotropic and Gaussian distributed. We include effects of beam-smearing by a
symmetric Gaussian beam. Then, the noise power spectrum is
Cxx,nl = ∆
2
xe
l2Θ2fwhm/8 ln 2, (7.10)
where ∆x is the instrument noise for temperature (x=T) or polarization (x=P); and Θfwhm
is the full-width half-maximum (FWHM) resolution of the Gaussian beam. We will assume
a fully polarized detector, for which
√
2∆T = ∆P .
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The variance of the estimator is
〈α˜xx′(L)α˜⋆xx′(L′)〉 = (2π)2δ(L− L′){CααL +Nxx′(L)} , (7.11)
where for the minimum variance estimator, the Gaussian noise Nxx′(L) = Axx′(L), and
gives the dominant contribution to the variance.
The Gaussian noise N(L) is dependent only on the instrumental noise power spectrum
Cxx
′n
l and the power spectrum of the un-rotated polarization field C˜
xx′
l . Hence the
estimator noise depends on the cosmological parameters through the power spectrum of
the polarization fields. We choose a standard fiducial model with a flat ΛCDM cosmology,
with no rotation (i.e. α = 0), with parameters described by the best fit to
WMAP5 Komatsu et al. (2008), given by
Ωb = 0.045,Ωc = 0.23, H0 = 70.5, ns = 0.96, nt = 0.0, and τ = 0.08.
Since, in reality the polarization field will be gravitationally lensed by the inhomogeneities
in the matter distribution in the fiducial model, it is appropriate to use the power
spectrum of lensed anisotropies as the un-rotated field in calculating N(L). An angular
remapping of photon positions due to gravitational lensing may result in an apparent
frequency independent rotation of the plane of polarization, potentially biasing the
estimator. Here, we show that the bias is negligible. Taking lensing into account the
average of the estimator is
〈αˆxx′(L)〉CMB =
α(L) + Axx′(L)
∫
d2l1
(2π)2
f lensxx′ Fxx′(l1, l2)φ
len(L) , (7.12)
where φlen is the line of sight projection of the gravitational potential Ψ(x). The first term
on the right hand side is the desired rotation field, and the second term represents the bias
from lensing. The form of lensing filters f lensxx′ can be found in Table I of Hu and Okamoto
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(2002). The lensing filter f lensxx′ are nearly orthogonal to the rotation window Fxx′. Hence
the integrand of the lensing bias oscillates around zero, and even for φlen ∼ 1, the bias is
negligibly small in comparison to the square root of Gaussian noise
√
N(L). Since
Gaussian noise sets the minimum detectable rotation α(L), we can neglect the bias for all
practical purposes.
7.2.2 Rotation from non-standard interactions
As discussed in introduction, apart from instrumental systematics, which we will discuss in
section 7.3.2, a way of generating frequency independent rotation is by pseudoscalar fields
coupled to photons.
There are no pseudoscalars in the standard model of particle physics that couple to
radiation. However, they are common in particle physics beyond the standard model
Peccei and Quinn (1977); Wilczek (1978); Weinberg (1978); Battesti et al. (2008). In
cosmology they have been invoked for dark matter or dark energy models, and also as
solution to the fine-tuning problem of dark energy Frieman et al. (1995); Freese et al.
(1990); Wetterich (1988); Kaloper and Sorbo (2006); Dutta and Sorbo (2007); Abrahamse
et al. (2008).
A pseudoscalar field φ can couple to the electromagnetic fields by a Chern-Simons
interaction term Pospelov et al. (2008); Carroll (1998b); Li and Zhang (2008)
L = −1
4
FµνF
µν +
1
2
∂µφ∂
µφ+
φ
2M
FµνF˜
µν , (7.13)
where Fµν is the electromagnetic field strength tensor, F˜
µν is its dual; and the pseudoscalar
coupling with electromagnetic field is supressed by mass scale M .
The interaction term φ
2M
FµνF˜
µν is invariant under U(1) gauge transformations, Lorentz
symmetry and parity, and is suppressed by a mass scale M. The fact that no such effect
has been detected in the laboratories puts a lower bound on M. It has been shown that
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such a term can rotate polarization vector of linearly polarized light by an angle of rotation
α = 1
M
∫
dτφ˙ during propagation for a conformal time τ Carroll (1998a), which is largest
when the source of polarization is farthest, which happens for the CMB Lue et al. (1999).
The angle of rotation along a line of sight depends on the change of φ along that line of
sight. We can write the field φ in terms of a homogeneous piece φ0(τ) and a position
dependent perturbation δφ(nˆ, τ). Then, the rotation angle of the CMB polarization
α(nˆ) =
1
M
∆φ(nˆ) =
1
M
{φ0(τ0)− φ0(τdec)− δφ(nˆ, τdec)} ,
(7.14)
where τ0 and τdec are the conformal times today and at the surface of last scattering
respectively, and the perturbation δφ today, at the detector can be taken to be zero
without any loss of generality. The shift symmetry of the Lagrangian implies that the field
φ is classically massless. In our toy example we will assume that this was the case during
inflation, and the quantum fluctuations during inflation were frozen in the field and will
result in spatial fluctuations today. In this case we can write the power spectrum of
fluctuations as nearly nearly scale invariant,
〈φ(k)φ⋆(k′)〉 = (2π)3P (k)δ(k− k′)
= (2π)3cφk
ns−4δ(k− k′) (7.15)
with ns = 0.96 Komatsu et al. (2008), and cφ = H
2/2, where H is the Hubble parameter
during the inflation. Computing the transfer function we find the power spectrum of the
rotation angles to be
Cααℓ =
2
M2π
∫
k2dkPφ(k)j
2
ℓ (kr)∆
2
φ(k, τdec) , (7.16)
where r = τ0 − τdec is the distance to the surface of last scattering, and
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Figure 7.1: Estimator varianceN(L) for the EB (red curves) and TB (blue curves) estimator
as a function of multipole L. We show the noise for three experimental setups, CMBPol (dot-
dashed), Exp1 (dot) and PLANCK (dashed). The solid black curve shows the rotation angle
power spectrum for the model in which the pseudoscalar coupling to the electromagnetic
field is suppressed by a mass scale M Pospelov et al. (2008), and the perturbations in φ
are seeded during the inflationary phase. We choose the fiducial value of the amplitude for
power spectrum cφ/M
2 = 10−4. This correspond to energy scale M ∼ 1015H14 GeV, where
H14 is the Hubble parameter during inflation in units of 10
14 GeV. Note that with CMBPol
like experiment, one is sensitive to energy scale as large as M ∼ 1017H14 GeV, i.e. three
orders of magnitude of improvement over the current best constraints.
∆φ(k, τdec) = 3j1(kτrec)/kτdec is the transfer function which is unity for scales larger than
horizon size and decay with an oscillating envelop for modes inside the horizon.
We have discussed the scenario of physical interactions leading to rotation of the
polarization field. There are two important physical parameters which determine the
magnitude of the effect in this toy model: (a) the energy scale (or equivalently the Hubble
rate) during inflation, which sets the amplitude of the fluctuation power spectrum of
mass-less fields, and (b) The mass scale M by which the Chern-Simons interaction term is
suppressed. The mass scale M is certainly much larger than the current energy scales of
particle physics experiments ∼ 102 GeV, and could be around or higher than the GUT
scale ∼ 1016 GeV. In fact, the current best constraints on mass scale M come from the
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upper limit on B-modes, M > 2.4× 1014H14 GeV with H14 = H/1014 Pospelov et al.
(2008). The exact value of the Hubble scale during inflation is also unknown, with current
estimates suggesting it to be around ∼ 1014 − 1015 GeV. For reference the tensor to scalar
ratio of perturbations produced in standard models of inflation is given by r = 0.14 H214.
This for current WMAP5 constraints Komatsu et al. (2008) of r < 0.2 translates to
H14 < 1.2. Since the potential of detection is linked to an assumed energy scale of inflation,
and M, it is useful to write rotation angle in terms of H/M . The rms value of rotation
angle for L / 100 can written as
√
L2Cαα(L)
2π
∼ 10H
M
deg. Our approach is to find the
magnitude of the rotation which would be detectable.
7.3 Results
7.3.1 Estimator
We discuss the prospects of using our unbiased estimator αˆ(nˆ) for detecting Fourier modes
of the spatially varying rotation α(nˆ). We study the estimator variance and its dependence
on instrumental characteristics focusing on planned missions.
We want to find out the magnitude of rotation that would be detectable. For this, the
rotation signal must be larger than the noise in the estimator Nxx′(L). In Fig. 7.1, we show
the variance for the EB (red curves) and TB (blue curves) estimators 1 as a function of
multipole L for the three experimental setups, (1) PLANCK satellite with noise level
∆P = 56µK-arcmin and FWHM of 7’, (2) experiment with noise level ∆P = 9.6µK-arcmin
and FWHM of 8′, typical of upcoming ground and balloon-based CMB experiments
(hereafter called Exp1), and (3) a CMBPol-like instrument with noise level
∆P =
√
2µK-arcmin and FWHM of 4′, typical of future space-based CMB experiments.
The black solid line shows the power spectrum of the cosmological rotation signal Cααl
1For the three experiments considered in Fig. 7.1, the other estimators have much smaller sensitivity to
the rotation angle.
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Figure 7.2: Dependence of the variance N(L) of the EB estimator on instrumental charac-
teristics as a function of multipole L: Upper panel: The diagonal lines represent the variance
N(L) for fixed FWHM of 4′ but varying detector moise ∆p. Lower panel: The diagonal
lines represent the variance N(L) for fixed detector noise of ∆p = 2µK-arcmin but varying
the beam size. In both the panels the oscillatory curve represents the power spectrum of
rotational field for the fiducial amplitude of cφ/M
2 = 10−4.
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Figure 7.3: Gaussian noise (at L=2) for the EB estimator as a function of fraction of De-
lensing of the CMB. Since the lensing effects are only important for experiments with ∆p <
5µK-arcmin, we assume an idealized experiment (i.e. ∆ = 0,Θfwhm = 0) to see the effect of
de-lensing. Lower (solid red) curve assumes that all the observed B-modes (lmax = 3000) are
being de-lensed by equal amount. Upper (dash black) curve shows the effect of de-lensing
when only the modes with ℓ < 500 are being de-lensed, while no de-lensing for ℓ > 500.
from the Chern-Simon coupling discussed in section 7.2.2. We show this signal for
cφ/M
2 = 10−4, which corresponds to M = 1.5× 1015H14 GeV.
For the three experiments in consideration, the EB estimator is found to be the most
sensitive, and the variance is roughly constant up to L ∼ 1000. Although, we do not show
L = 0 in the plot, our estimator can also be used to estimate the detectability of uniform
rotation. For uniform rotation, L = l1 − l2 = 0 in Eq. (7.7), hence there is no mode mixing
between different wavevectors. The variance N(L) for monopole and dipole are
comparable; so rotation α(L) can be constrained to similar levels for these modes.
Currently only the constant angle of rotation (i.e. L = 0 of our estimator) has been
constrained, α < 2o Komatsu et al. (2008); Wu et al. (2008); and at present there are no
constraints on the spatial variation of the rotation angle α(n). From our Fig. 7.1 upcoming
experiment like PLANCK will be able to detect the rotation angle power spectrum Cααℓ as
small as 0.01 deg2, while futuristic experiment like CMBPol will be able to detect rotation
angle power spectrum as small as 2.5× 10−5 deg2. These numbers translate to minimum
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detectible H/M = 4× 10−3 for PLANCK, and H/M = 2× 10−4 for CMBPol.
In Fig. 7.2, we study the dependence of the estimator variance with the detector noise ∆,
and the beam size Θ. As in Fig. 7.1, here also we show the cosmological signal Cαα(L) for
reference, with the same fiducial parameter cφ/M
2 = 10−4. The upper panel shows
NEB,EB(L) as a function of L for various choices of instrumental noise ∆p but for a fixed
beam size of 4′. The lower panel shows estimator noise NEB,EB(L) as a function of L for
∆p = 2µK-arcmin and for various choices of beam size, starting from 20
′ to 1′. For FWHM
of the beam size Θfwhm ∼ 5′ − 50′, and instrumental noise ∆p ∼ 5− 50µK-arcmin, the
scaling of variance NEB,EB(L) can be fitted by a simple power law
NEB,EB(L) = 3.3× 10−7∆2pΘ1.3fwhm deg2. However, we cannot minimize the estimator noise
N(L) to arbitrarily low levels by reducing the detector noise; the estimator variance
plateaus out at a level of ∆p < 5µK-arcmin (larger than detector noise levels in CMBPol)
to ≈ 10−6deg2. Physically, this is due to lensing effects.
As discussed in Sec. 7.2.1, the estimator variance Nxx′,xx′(L) shown in Fig. 7.1 includes
contribution due to lensing of E modes to B-modes. For experiments like Exp1 and
PLANCK with ∆p > 5µK-arcmin, lensing effects are negligible compared to the detector
noise. Therefore, there is no difference in the estimator variance if the lensed polarization
fields used as the un-rotated fields in Fig. 7.1, are replaced with un-lensed polarization
fields. On the other hand, for experiments with ∆p < 5µK-arcmin (like CMBPol), lensing
of the CMB power spectrum dominates the estimator variance, and eventually limits the
sensitivity of the an idealized instrument to ∼ 10−6deg2. Further, we calculated the leading
order lensing contribution to noise, N lens.(L) which is proportional to lensing power
spectrum C len(L), and is related to the connected part of the trispectrum. We find that
this noise N lens.(L) is smaller than the estimator noise Nxx′,xx′(L) shown in Fig. 7.1 for all
cases.
Can Estimator noise be further reduced? Lensing B-modes can be measured and hence, in
principle, can be separated (de-lensing) from the pure rotation α(nˆ) considered above. In
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the absence of lensing, the sensitivity of the idealized instrument would be limited by the
cosmic variance of primordial B-modes. While de-lensing can improve the sensitivity of the
idealized instrument, to the level of the noise inherent in the de-lensing process, it is likely
to be challenging Smith et al. (2008). In Fig. 7.3 we show how much the Gaussian noise for
the EB estimator N(L)EB,EB reduces as a function of amount of de-lensing. The de-lensed
B-modes
Bde−lensℓ = fB
lens
ℓ (7.17)
are used in the estimator which reduces the variance, depending on the fraction of
de-lensing f . The lower curve (solid red) shows the most optimistic scenario where all the
CMB modes are being de-lensed (up to L = 3000). The upper curve shows, although still
challenging, a more realistic case where only the modes L < 500 are being de-lensed.
7.3.2 Detectability of cosmological rotation and instrumental
systematic effects
As indicated before, a cosmological rotation field α(n) can be confused with the
instrumental rotation systematics. A calibration error in the angular position of the
instrument is degenerate with a spatially constant angle of rotation (L=0 of α(L)), while
errors in the rotation calibration of individual detectors in the instrument, leading to a
relative mis-alignment of axes of the individual detectors by angles ωi are degenerate with
spatially varying α(nˆ). For an instrument with a large number of detectors, we can treat
the angles of rotation of the ith detector ωi as a smooth field as a function of the detector
position. The relative offsets in the polarimeters in the detector could result in a
systematics signal ω(n) in the map if the weighting of each polarimeter changes from pixel
to pixels in the map. This depends on the scan strategy. For illustration purposes we can
model the statistical properties of systematics signal Hu et al. (2003); Su et al. (2009) as a
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statistically isotropic Gaussian field with a power spectrum given by
Cωωl =
A2ω exp(−l(l + 1)σ2ω)∫
d2l
(2π)2
exp(−l(l + 1)σ2ω)
, (7.18)
where Aω characterizes the rms value of this field ω, and σω is a coherence length.
To see the effect of rotation systematic field, we can change α(nˆ) in Eq. (7.2) to
α(nˆ) + ω(nˆ), and re-derive our estimator. The systematics field biases our estimator αˆ(L)
by an amount ω(L) and increases the variance of the xx′ estimator by an amount
Cωω(L) +Nωωxx′,xx′(L) (see appendix). For our model of systematics field and assuming that
α and ω fields are uncorrelated, the power spectrum of bias is given by Eq. (7.18) i.e.
Cωω(L). For the expression for the systematic noise NωωEB,EB(L) please refer to the
appendix. In order to use the estimator for detection of a rotation field with power
spectrum Cαα(L), Cαα(L) >> Cωω(L).
In order for the cosmological rotation field α(nˆ) to be determined to the noise levels in
Fig. 7.1, both the systematic bias power spectrum Cωω(L) and systematic noise Nωωxx′,xx′(L)
should be smaller than the estimator noise Nxx′,xx′(L). In Fig. 7.4, we study the
dependence of the systematic field power spectrum Cωω(L) and the systematics noise term
NωωEB,EB(L).
In the left panel of Fig. 7.4 the dot dashed (blue) curves show the systematics rotation
signal for various choices of rms amplitude Aω and FWHM of coherence length
√
8 ln(2)σ.
The systematics signal does not depend on the instrumental noise ∆, and beam, Θfwhm.
Solid (black) curves show the fiducial cosmological rotation power spectrum Cαα(L) for
cφ/M
2 = 10−2, 10−4,&10−6, and the two dashed (red) curves show the Gaussian noise for
the EB estimator NEB,EB(L) for PLANCK (upper) and CMBPol (lower) experiments.
In right panel of Fig. 7.4 the dot dashed (blue) curves show the systematics noise for EB
estimator NωωEB,EB(L) for the CMBPol like experiment and for various choices of rms
amplitude Aω and coherence length σ. The solid (red) line shows the Gaussian noise for
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the EB estimator NEB,EB(L) for CMBPol experiment.
Note that like the Gaussian noise NEB,EB(L), the systematic noise N
ωω
EB,EB(L) is also
weakly dependent on L. However the systematic power spectrum (depending on the
coherence length) may only be similarly flat only to about L ∼ 100 (for coherence 60′).
Hence, we may characterize their values by their values at a particular value of L < 100.
Together, the two panels show that at a coherence length of 10′, an rms amplitude of
≈ 0.01′ gives a systematic variance which is about ten times smaller the estimator variance
in the CMBPol experiment, while the bias power spectrum is only about half the estimator
variance. Smaller coherence length σ and rms amplitude of the systematic fields result in
smaller effect of the rotation systematics. This implies, that in order to detect rotation,
using the CMBPol experiment, one would have to control the systematic field to much
better than {σω, Aω} values {10′, 0.01′}.
7.3.3 De-rotating CMB to improve the sensitivity for the
Primordial B-modes Detection
An important design goal of the futuristic CMB polarization experiments is the detection
of primordial B-modes. Rotation generates B-modes (via Eq. (4)) which can be confused
with the primordial B-modes. Both the instrumental rotation systematics and any
cosmological rotation will generate B-modes. Hence, in order to study primordial B-modes,
it is necessary to know the level of these spurious B-modes.
An important application of our estimator is to measure rotation and then in turn
de-rotate the CMB polarization field to remove the spurious B-modes and hence increase
sensitivity to the primordial B-modes detection. For this application, it is not important to
know what the source of this rotation is.
A specific example is the case when cosmological rotation is known (or assumed) to be
small and we are interested in controlling instrumental systematics to detect primordial
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B-modes. One can in this case layout specifics on what is the minimum B-modes
amplitude that will be detectable without worrying about rotation systematics. The
amplitude of the primordial B-modes is fixed by amplitude of tensor perturbations which
depends on the energy scale of inflation. Equivalently one can use the ratio of amplitude of
tensor and scalar perturbations r to characterize the B-modes.
In Fig. 7.5 we show the comparison of required control of the systematics ω for CMBPol
(left panel), and Exp1 (right panel) for the detection of primordial B-modes, and the level
to which the CMB can be de-rotated. The dashed black lines show the Aω, and σω of the
systematic fields (see Eq. (7.18)) for which spurious B-mode power spectrum Cωω(L) at
L = 90 is equal the primordial B-modes power spectrum (at L=90) for values of r = 0.1
(upper curve), and r = 0.01 (lover curve). The solid red curve shows the Aω, and σω of the
systematic field for which the variance contribution due to the systematic field NωωEB,EB(L)
at L = 2 becomes equal to the Gaussian noise NEB,EB(L) at L = 2. The dot-dashed blue
curve shows the Aω, and σω of the systematic field for which the power spectrum of the ω
field Cωω(L) at L = 2 is equal to the estimator variance NωωEB,EB(L) at L=2.
In order to be able to detect B-modes of a particular r value, the parameters {A, σ} must
be in the region below the corresponding black lines. Dot-dashed blue curves represent the
level of rotation systematics to which our estimator can be used to correct for; i.e. if the
systematics, {A, σ} are above the blue curve then our estimator can reduce it to the level
given by blue curve. If the instrumental systematics parameter {A, σ} are above the red
curve, our estimator is no longer a minimum variance estimator, and one should include
the systematics noise effect Nωω in the variance of our estimator. However if instrumental
systematics parameter {A, σ} are below the red curve, then for a given r if the systematics
requirement for B-mode is less stringent that the requirement from rotation, one can use
our estimator to control the rotation systematics for B-modes detection.
If the systematics parameters {A, σ} are below the dot-dashed blue curve, then the
rotation from the systematics is smaller than the sensitivity of the estimator. If our
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estimator detects rotation signal in this case then it can be attributed to cosmological
signal or to incorrectness of the systematics model.
7.4 Summary and Discussion
There are interesting physical mechanisms that can rotate the plane of CMB polarization.
We presented explicit formulae for estimators of the spatially varying rotation angle α(nˆ)
that can be constructed from future datasets in the flat sky limit. By computing the
variance of these estimators, we estimate how large a variation in the angle α must be to
be detected by a particular experiment. Currently only the constant angle of rotation (i.e.
L = 0 of our estimator) has been constrained, α < 2o Komatsu et al. (2008); Wu et al.
(2008). At present there are no constraints on the spatial variation of the rotation angle
α(n). From our Fig. 7.1 upcoming experiment like PLANCK will be able to detect the
rotation angle power spectrum Cααℓ as small as 0.01 deg
2, while futuristic experiment like
CMBPol will be able to detect rotation angle power spectrum as small as 2.5× 10−5 deg2.
These numbers translate to minimum detectible H/M = 4× 10−3 for PLANCK, and
H/M = 2× 10−4 for CMBPol.
Gravitational lensing does not bias the estimator, however it increase the variance of the
estimator. The increase in the variance is sub-dominant for experiments with
∆p > 5µK-arcmin. For small instrumental noise ∆p ≤ 5µK-arcmin, the lensing B-modes
become important, saturating the variance to ∼ 10−6deg2 even for an ideal experiment.
The physical mechanisms that give rise to the rotation field all probe interesting
cosmological physics; in principle, they can be separated using their frequency dependence
and used to study the magnetic field or polarization dust maps. A cosmological source for
a frequency independent pure rotation field can be interpreted as exotic feature signifying a
clear departure from standard model physics. Such a departure could be a violation of the
equivalence principle, or violation of Lorentz invariance Colladay and Kostelecky (1998);
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Kostelecky and Mewes (2007). In the context of cosmology, an important example is
pseudoscalar fields which have been proposed as dynamical models of dark energy to solve
the cosmological constant problem, dark matter, and also as a solution to the fine tuning
problem of dark energy.
We have considered a model in which the perturbations in the scalar field were imprinted
during inflation and the scalar field couples to photon via Chern-Simons coupling discussed
in Sec. 7.2.2, which are suppressed by mass scale M. With CMBPol like experiment one
can constrain the mass scale M > 1017H14 GeV, where H14 is the Hubble parameter during
inflation in the units of 1014 GeV.
If the scalar field is assumed to be responsible for the dark energy, the constant rotation
would probe the coupling scales of such a dark energy field, and establish its dynamic
nature. The spatially varying part of this rotation field would also probe the clustering of
such a field. Typically, such fields would have large sound speeds, so that clustering is only
possible at large scales. Hence, the possibility of detection of the spatially varying field is
best at low multipoles. If one assumes that the field has the kind of clustering discussed
in Li and Zhang (2008), then from an experiment like CMBPol, one can constrain the mass
scale of suppression of the Chern-Simons coupling term, to M & 1010 GeV.
However, the rotation field induced by a cosmological source can be degenerate with the
rotation systematics of the instrument, which are limited by the rotation calibration of the
polarimeters. Thus, the detection of such cosmological signals is only possible if the
cosmological signal is larger than the level of rotation systematics signal that can be
controlled. Rotation systematics also effect the variance of our estimator. We quantify the
level of systematics control required for detection of the cosmological signal to be only
limited by the estimator noise N(L). If one can show from other experiments that the
sources of such cosmological signals can be limited to magnitudes |δα(L)| smaller than
these systematic levels, then we cannot detect the cosmological signals. However, then we
can use this fact that the observed rotation field should be less than this magnitude to
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calibrate the instrument to control the level of rotation systematics to precision levels of
∼ |δα(L)|. This could enable a better study of effects like primordial B-modes, lensing, or
the frequency dependent signals from sources like magnetic fields or foreground dust. Thus
precise studies of this rotation field could either probe exciting physical effects, and/or
enable better control of calibration and instrumental statistics.
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Figure 7.4: Left Panel: Dot dashed (blue) curves show the systematics rotation power
spectrum Cωω(L) for three combinations of rms amplitude Aω (in arcmin) and FWHM of
coherence length,
√
8 ln(2)σω (in arcmin). The two dashed red curves show the Estimator
variance NEB,EB(L) for the PLANCK (upper) and CMBPol (lower) experiment. The black
oscillatory curve shows the power spectrum of rotational field for the fiducial amplitude of
cφ/M
2 = 10−2, 10−4, and 10−6. Right Panel: For CMBPol experiment, solid red curve shows
the estimator variance NEB,EB(L) and the dot dashed (blue) curves show the systematics
noise NωωEB,EB(L) for three combinations of rms amplitude Aω (in arcmin) and FWHM of
coherence length,
√
8 ln(2)σω (in arcmin) as the left panel.
165
Figure 7.5: The requirement on control of the systematic fields ω for CMBPol (Left Panel),
and Exp1 (Right Panel) for the detection of primordial B-modes, and the level to which the
CMB can be de-rotated.. The dashed black line shows the systematic parameters {A, σ}
which generate spurious B-modes of the same magnitude at (L = 90) as the primordial
B-modes (at L=90, where the primordial B-modes peak); for values of r = 0.1 (upper back)
and r = 0.01 (lower black). The solid red curve represents the systematic fields for which
the variance contribution due to the systematic field NωωEB,EB(L = 2) becomes equal to the
estimator variance NEB,EB(L = 2). The blue line represents the systematic fields for which
the power spectrum of the ω field at L = 2 is equal to the estimator variance NEB,EB(L = 2).
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Chapter 8
Conclusions and Outlook
Several high quality datasets in the past two decades have transformed cosmology from a
data-starved science to a data driven one. Based on observations of the cosmic microwave
background anisotropies, position and distribution of galaxies and the observed magnitudes
of Type Ia supernovae, a consensus minimal model of cosmology known as the ΛCDM
model has emerged; this model is the simplest model with which all current data are
consistent. Remarkably, the existence of dark matter and dark energy, neither of which
have been detected in the laboratory, are central pillars of the model and are required to
match observations. Naturally, it is possible that this model is incorrect in a fundamental
way (example: the laws of gravitation are not correct), or that the properties used to
characterize the model are a simple and approximate summary of a more detailed picture,
even though current observations are not good enough to provide information on these
details. While the predicted values of observable quantities may be only slightly different,
this difference may imply a world of difference in the underlying physics. We addressed
this issue by extending the standard model such that the ΛCDM model is recovered as a
limitng case for certain values of the parameters, and by studying constraints on
parameters that represent deviations from the standard model. This thesis focussed on
studying such deviations from the standard ΛCDM model.
In most of this thesis, we have concentrated our efforts on studying the equation of state of
dark energy w(z). Generalizing w(z) from a constant value of −1 as would be the case in
the ΛCDM model, one hopes to parametrize deviations from this model. If such a
deviation is detected, one may attempt to discriminate between causes that lead to such
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deviations, such as different models of fields or different laws of gravity. Our studies are
directed towards a particularly popular parametrization of the equation of state called the
CPL parametrization. This is a parametrization of ignorance which may be thought of as a
toy model capturing various effects of dark energy with a time dependent equation of state.
We have discussed some general features of dark energy models with a time dependent
equation of state, and computed observables (distance moduli, power spectrum of the
matter inhomogeneities, angular power spectrum of the CMB temperature and
polarization anisotropies for the CPL model in particular.
We compared the theoretically computated power spectra and distance moduli in a model
with a dark energy with a CPL parametrized equation of state for a set of cosmological
parameters to the current observations to constrain cosmological parameters. This was
done for an FRW universe (with no assumptions about spatial flatness) and combined
different forms of available data using a Bayesian MCMC method to explore the posterior
distribution of the parameters. Today, while some of these datasets have been superseded
by more recent ones, the constraints are still relatively similar to those found by us. We
have also compared the above parameter constraints to approximate constraints computed
by using specific features of the CMB and matter power spectrum that summarize the
geometric information to a good approximation (method of summary parameters). Our
comparison shows substantial differences between the two methods if the flatness parameter
Ωk of the universe is only constrained by data (including CMB data), rather than assumed
to be 0. The question of whether approximate parameter constraints computed from
summary parameters are sufficiently good has been addressed before, with other
parametrizations. For the CPL model, the differences have been reported by other teams
to be very small but the universe was assumed to be spatially flat in those calculations. We
have checked that our results are consistent with their conclusions in the limiting case
where spatial flatness was assumed. Similar questions about the completeness and of the
description provided by summary parameters and the model independence of a likelihood
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based on summary parameters have been posed more recently; in this case the deviation
from the ΛCDM model was in the context of massive neutrinos Hamann et al. (2010).
While it may be hoped that summary parameters may contain information about dark
energy to a good level of approximation, it certainly does not have information about other
cosmological parameters that are related to the shapes of the spectrum. Thus doing the full
comparison of the entire theoretical spectra to observations rather than just comparing the
values of summary parameters allows us to ask if the generalizing the dark energy model
has any implications for other standard results. One striking result had to do with the tilt
ns characterizing the primordial power spectrum. The WMAP team ruled out, at a high
level of confidence, the case of the Harrison Zeldovich Spectrum where ns = 1 on the basis
of ΛCDM model. However, the Harrison Zeldovich Spectrum is only mildly disfavoured
when the dark energy equation of state is CPL parametrized. Other teams have reported
similar results about the the increase in errors in the tilt when the standard model is
generalized, for example by the generalizing the procedure of reioniziation Pandolfi et al.
(2010); or by using a larger effective numbers of neutrino species Hamann et al. (2010).
Future observations are necessary to obtain further constraints on interesting aspects of
dark energy models. In this thesis, we have been mostly interested in studying the
parameter constraints using data that will soon become available from future surveys that
have been planned, thereby studying the potential of these experiments in elucidating the
nature of dark energy. We discussed the standard method of using Fisher Information
Matrices to forecast parameter constraints from future experiments, and potential
problems of this method. We then discussed two possible improvements: the use of
parameter estimation using mock data (which is also becoming a common practice) and
Bayesian Forecasting (which to the best of our knowledge, has not been used in this
context, but is computationally more expensive). As an application, we used the Bayesian
Forecasting method to study forecasted constraints on a constant equation of state dark
energy w(z) = w (also called a wCDM model). We showed that the differences between the
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forecasted uncertainties found using Fisher matrices and from Bayesian forecasting are
mostly insignificant if we use complementary information from future CMB expeiments
(like PLANCK) and supernovae experiments (like the DES supernova survey)
simultaneously. However, for the parameters which were more challenging to measure (like
w), there were differences of O(1). We also used mock data simulations to study
constraints on a CPL dark energy model (in a spatially flat universe) from subsamples of
the quality of data expected from the LSST supernova survey alone. This was done with
only supernovae in order to assess the potential for studying dark energy constraints and
supernovae evolution from the LSST which will be a photometric survey. The posterior
distribution of the dark energy equation of state parameters from this dataset is quite
different from the ellipsoidal shape obtained from Fisher forecasts. However, the posterior
distribution was found to be approximately ellipsoidal when mock datasets from a future
CMB experiment (like PLANCK) was additionally used.
Apart from constraining the deviations from ΛCDM, it is also important to check if the
model itself is fundamentally correct. A check is to study if parameter estimates done in
completely different ways are self-consistent. We developed a new observable related to the
shapes of cosmic voids and studied the prospects of constraining the dark energy equation
of state with the measurement of this observable from future surveys. Using the idea that
the shapes of voids are set by the tidal field, one may reconstruct the eigenvalues of the
tidal field from large scale structure data. Comparing these eigenvalues with a theoretical
distribution (depending on cosmological parameters through a growth function) of the
eigenvalues of the tidal field, one can constrain cosmological parameters. We used the
method of Fisher forecasts to estimate the potential of this method for some future
surveys. The results of this study are quite promising.
Finally, we studied un-observed constituents of the universe in a different way. In the
previous chapters, probes of dark energy were related to the gravitational effects of dark
energy. In this chapter, we discussed a possible way to detect observable effects of a
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non-gravitational coupling of an un-observed field (assumed to be pseudo-scalar ) to
electromagnetic fields. This coupling rotates the polarization angle of linearly polarized
light if the field value changes along the line of sight. The polarization of the CMB is
imprinted at the time of recombination. However, this polarization pattern could be
modified due to a change in the angle of polarization of CMB photons while the photon
travels from the surface of last scattering to the earth. Such a rotation is expected to be
position dependent, and we studied the extent to which future CMB surveys can detect a
position dependent rotation. In a flat sky approximation, we used a minimum variance
quadratic estimator of the rotation angle constructed from the changes in the cross
correlations of CMB polarization EB and TB (rather than only changes in the CMB
polarization auto spectra EE and BB). We found that future CMB experiments that have
already been planned can probe a coupling in the interesting regime where it is supressed
by a mass scale of O(1016 − 1017) GeV. Similar modification of the polarization pattern
mixing the E and B modes, that could occur due to other physical causes such as lensing
of the CMB or due to instrumental systematics can also be studied using an analysis
similar to ours. Such instrumental systematics also affect the detection of B-mode
polarization as they contaminate the detection by producing spurious B modes. Thus,
constraining a change of the polarization pattern is important both to study possible
physical mechanisms and such instrumental systematics. We also showed that modification
of the pattern due to such a rotation is different from the modification due to lensing, and
the two effects can be distinguished. As a practical application, we showed that the
method may be used to constrain instrumental systematics.
Most of these projects raise further questions. On parameter constraints from supernovae,
the most important question today is about the standardizability of Type Ia supernovae as
standard candles. In the past, datasets were characterized by statistical errors that
dominated the uncertainties in the standardized magnitudes as the expected
inhomogeneities in the light curves of Type Ia supernovae was smaller in comparison. With
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larger and higher quality datasets, this will not be the case in the future as the statistical
errors will be much smaller. Therefore, it will be important to incorporate consideration of
light curve fitting methods and studies of possible evolution in the supernova properties.
For supernova studies like the LSST supernovae survey, the survey will be mostly
photometric. Hence, the redshift of the supernova will not be accurately known. We have
addressed this issue here by using a simple model. In reality determination of redshifts
from photometry will be a more complicated process, where the errors will neither be
exactly Gaussian, not depend linearly on the redshift z. Thus the next stage of the
challenge will involve developing (or borrowing from galaxy photometry studies) suitable
methods for determination of photometric redshifts and incorporating their effects into the
parameter estimation scheme.
The properties of cosmic voids such as their abundance and dynamics have been studied
over the years. With larger (both deeper and wider) surveys being designed, a significant
number of voids (which are typically larger in size than galaxy clusters) are being detected.
This has prompted us to attempt utilizing this information. While we have used only the
shapes of voids in our work, one can also utilize the abundance of voids (much in the same
way as galaxy clusters) to probe cosmology. Perhaps more interestingly, one can also study
the density profiles of voids which could have interesting information about the physical
properties of dark energy. Further, in our work in this thesis, we have assumed that the
density fluctuations are initially Gaussian distributed. Similar calculations for the shapes
and abundances can be done for fluctuations with a primordial distribution that is
non-Gaussian. Since Guassianity of primordial fluctuations (or the lack of Guassianity) is
considered to be an important signature of the physics of initial conditions, this could work
out to be a useful direction. While the use of voids to constrain cosmological parameters is
quite novel, it also poses an interesting question: The method constrains the stochastic
properties of the density fluctuations, which are also studied by the power spectrum derived
from galaxy positions; how far are these measurements independent? Studying the level of
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independence between different probes will be an important issue in the near future.
The study of rotation of polarization is another new area that gains significance as PLANCK
and other future CMB experiments aim to map out the E-polarization power spectrum in
detail, and detect B-mode polarization. Thus, separating the “true” primordial B mode
power spectrum from a spurious B-mode component is an important task. We have studied
the signal to noise ratio using specific estimators in the quadratic class. Other groups have
improved upon our approximation by computing the same quantities in the full-sky
formalism Gluscevic et al. (2009); their computations show that our flat-sky approximation
gives very good results. Also, others have extended this method to study other physical
mechanisms that generate such rotations, and other instrumental systematics (which are
not simple rotations but more general linear transformations of the CMB fields) Yadav
et al. (2009). One can apply it to further processes that generate such rotations, or to
combine various estimators attempting to break degeneracies in instrumental systematics.
Finally, we note that we have used minimum variance estimators chosen from the class of
quadratic estimators, and used the variance to characterize the noise. However, a quadratic
estimator need not be the best estimator, and more importantly the distribution of the
estimator may not be Gaussian. Consequently, the variance may not be sufficient to
characterize the distribution of uncertainties on the measurement of the rotation angle.
Development of an appropriately fast sampling algorithm to explore the Bayesian posterior
distribution of the angle of rotation (or more generally the transformation parameters
mixing the E and B polarization) may be extremely useful from this perspective.
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Appendix A
Forms of the FRW metric
A.1 Standard Form of FRW metric in coordinate and
Conformal Time
In the usual coordinates, the FRW metric is written as
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + dΩ
2
)
(A.1)
This can also be written in terms of Cartesian coordinates, where it takes the form
ds2 = −dt2 + a2(t)
∑
i
dx2i
1 + K
4
(x21 + x
2
2 + x
2
3)
(A.2)
This is often written in terms of ‘conformal time’ η defined as dη = dt
a(t)
so that the metric
takes the form
ds2 = a2(η)
(
−dt2 + ( dr
2
1− kr2 + dΩ
2)
)
(A.3)
The same metric can be written in the form
ds2 = −dt2 + a2(t) (dr2 + S2(χ)dΩ2) (A.4)
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where the function S(χ) is defined as
S(x) = Sin(x), open (A.5)
S(x) = Sinh(x), closed (A.6)
S(x) = x (A.7)
A.2 Conformal Flatness
The FRW universe can be found to be conformally flat by explicitly computing the Weyl
Tensor to be zero irrespective of the value of the curvature K. This can also be shown by
the following coordinate transformations designed to reduce the FRW metric to the
conformal flat form. Locally, any spacetime is flat. Therefore in some coordinates, the
FRW spacetime can be shown to be a perturbation about the Minkowski spacetime locally.
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Appendix B
Stress Tensors
B.1 Dust: Non Relativistic Particles
The stress tensor of a free particle with a momentum four vector pµ is
T = pµpν/p0
B.2 Radiation: Relativistic Particles
The energy momentum tensor of electromagnetism can be written in terms of the Field
Strength Fµν = ∂µ}Aν} as
T µν = − 1
4π
(
F µλF νλ −
1
4
gµνF λσFλσ
)
This stress tensor is traceless. Comparing with the trace of the stress tensor of a pefect
fluid, this shows w = 1/3.
B.3 Variation with respect to the metric
We often require the following variations f(g)
δgµν
where f is some function of g the
determinant of gµν . In order to perform this variation, recall that for any matrix M,
Tr(Ln(M)) = Ln(Det(M)) (B.1)
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Taking the variation of this equation gives:
Tr(M−1δM) =
δdet(M)
det(M)
(B.2)
Choosing M = gµν the inverse of the metric, we get
gµνδg
νµ = gδ(g−1) (B.3)
Thus
δ
√−g = δ ((−g)−1)−1/2 = −1
2
(
(−g)−1)−3/2 δ(−g−1) = −1
2
(−g)−3/2gµνδgν (B.4)
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Appendix C
Fluid Stress Tensors
C.1 Fluid Stress Tensor in an FRW universe
The stress tensor of a fluid with density ρ and a pressure p with a fluid four-velocity u is
given by
Tµν = (ρ+ p)uµuν + pgµν (C.1)
If the fluid is at rest in Minkowski space u = −1, 0, 0, 0 and we can write
Tµν = diag{ρ, p, p, p}. In an FRW spacetime, for a fluid comoving with the spatial surfaces
we have a stress tensor in spherical coordinates using conformal time dη = dt
a(t)
, we can
have the fluid four velocity as uµ = {a−1, 0, 0, 0} so that uµ = {a, 0, 0, 0}
Tµν = diag{a2(t)ρ, a
2(t)
1−Kr2 p, a
2(t)r2p, a2(t)Sin2(θ)p}
It is therefore common to use T µn u which is given by the simpler equation
T µν = diag{−ρ, p, p, p} (C.2)
178
C.2 Covariantly relating density and pressure to fluid
Stress tensor
We note that
Tµνu
ν = −(ρ+ p)uµ + ppuν
= −ρuµ (C.3)
Thus, a density can be defined in terms of the stress tensor given a set of time like vectors
uµ as ρ = Tµνu
µuν . The remaining degree of freedom in the stress tensor (relating to the
pressure) can be found by projecting the stress tensor to the plane othogonal to the
four-velocity u using the usual projection operator
hµν = δµν + uµuν . (C.4)
This is projection operator is orthogonal to the four vector u as can be seen from
uµhµν = uν + (−1)uν = 0
Then, defining
τµν = h
α
µ h
β
ν Tαβ
= p(uµuν + gµν)
(C.5)
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we see that the trace of this projected stress tensor is equal to the number of spatial
dimensions multiplied by the pressure
τµµ = 3p (C.6)
Thus the stress tensor can be written as
T µν = ρu
µu ν + τ
µ
ν (C.7)
In this appendix, we shall refer to the pressure and densities in the FRW universe as
“unperturbed” values and denote then as ρ˜, p˜.
C.3 Covariant treatment of fluid fluctuations in a
perturbed FRW universe
We will follow the covariant prescription of defining density and pressure fluctuations in a
perturbed FRW universe with perturbations defined in 2.17. Now, normalization of the
four vector u implies that to first order the components of
uµ = {a−1(1−AY ), a−1vY i}, uµ = {a(1 + AY ), a(v − B)Yi}
In terms of these variables, we can define the ‘density’ and ‘velocity’ perturbations by
finding the ‘perturbed’ density, pressure and velocity from the stress tensor, and comparing
with the FRW stress tensor.
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C.4 Perturbations
Consider such a congruence of unit time-like four vectors uµ(x), with respect to which we
shall define a frame. We can write the covariant derivative of uµ in terms of its components
along the congruence uµ, and in the plane perpendicular to the congruence defined by the
projection operator hµν . A two tensor thus projected has an anti-symmetric part, a trace,
and a symmetric trace free part which are uniquely defined. Thus, the covariant derivative
of uµ can be written as
∇νuµ = hρν∇ρuµ − uρuν∇ρuµ (C.8)
=
1
3
θhµν + σµν + ωµν − aµuν (C.9)
where
θ = hρµ∇ρuµ (C.10)
σµν = h
ρ
(ν∇ρuµ) −
1
3
θ (C.11)
ωµν = h
ρ
[ν∇ρuµ] (C.12)
Consider a tangent vector vµ to the geodesic of particles being propagated from a
particular ‘emission’ point E to a ‘reception’ point of observation R. This has some
spacelike component, and so can be written as
vµ = γ(uµ + nµ) (C.13)
Here nµ is the spacelike part of the tangent vector of the particle being transported, and
can be written as hµνv
ν . The observer at R sees the coming from a direction nµ. So
nµuµ = 0 (C.14)
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If the geodesic is that of photons, then v2 = 0, which implies that n2 = 1.
Consider the quantity
Hn =
1
γ2
∇νuµvµvν (C.15)
= ∇νuµ(uµ + nµ)(uν + nν) (C.16)
= ∇νuµuµ(uν + nν) +∇νuµnµnν (C.17)
= aµn
µ +
(
1
3
θhµν + σµν + ωµν − aµuν
)
nµnν (C.18)
= aµn
µ =
1
3
θ + σµνn
µnν (C.19)
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Appendix D
Rotation of Polarization Appendix
D.1 Contamination
Instrumental rotation systematics and lensing of the CMB can effect our estimator. In this
appendix we will show how the rotation systematics and lensing of CMB appear in our
estimator. Let us denote systematics field by ω(L) and lensing filed by φlen(L). We can
incorporate the effect of rotation systematics by changing α(nˆ) to α(nˆ) + ω(nˆ), and effect
of lensing by changing nˆ to nˆ+ d(nˆ) in Eq. (1), where d = ∇φlen. In the presence of
rotation systematics and lensing, the average of the estimator is given as
〈αˆEB(L)〉 = α(L) +
ω(L) + AEB(L)
∫
d2l1
(2π)2
f lenEBFEBφ(L),
(D.1)
where the first term on the right hand side is the desired rotation field, the second term is
the estimator bias from instrumental systematics, and the third term represents the bias
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from lensing. The variance of the estimator can be written as
〈〈
〈αˆEB(L) · αˆEB(L′)〉CMB
〉
LSS
〉
SYS
= AEB(L)AEB(L
′)×∫
d2l1
(2π)2
∫
d2l1′
(2π)2
FEB(l1, l2)FEB(l1
′, l2
′)
×
{〈
E(l1)
obsB(l2)
obsE(l′1)
obsB(l′2)
obs
〉}
= (2π)2δD(L+ L
′)×[
Cαα(L) + Cωω(L) +NEB,EB(L) +N
αα
EB,EB(L)
+NωωEB,EB(L) +N
(len)
EB,EB(L) + ...
]
, (D.2)
where L = l1 + l2, C
αα(L) is the cosmological rotation power spectrum, and Cωω(L) is the
rotation systematics power spectrum. The terms NEB,EB(L), N
αα
EB,EB(L), N
ωω
EB,EB(L), and
N
(len)
EB,EB(L) are the estimator Gaussian noise, the first order non-Gaussian estimator noise,
the first order systematics noise of instrumental rotation, and the first order lensing induced
non-Gaussian noise, respectively. Like the lensing quadratic estimator, the Gaussian noise
comes from the disconnected part of the four-point function, while non-Gaussian noise
N
(α)
EB,EB, N
(ω)
EB,EB, and N
(len)
EB,EB comes from the connected part. We note that the Gaussian
noise term also includes rotation systematic effects implicitly since instrumental
systematics bias the measured rotation power spectrum with Cωω(L) with as we have
shown, note that we assume no cross correlation term Cαω(L). The ellipses in Eq. (D.2)
184
stands for higher order terms. The first order non-Gaussian noise can be written as
N
(X)
EB,EB(L) =
A2EB(L)
∫
d2l1
(2π)2
∫
d2l2
(2π)2
FEB(l1, l2)FEB(l1
′, l2
′)×[
CEEl1 C
EE
l′1
{
CXX|l1+l2|W
X
B (l2,−l1)WXB (l′2,−l′1)
+CXX|l1+l′2|W
X
B (l2,−l′1)WXB (l′2,−l1)
}]
, (D.3)
where X = {α, ω, φlen}, the window functions W ωB(l1, l2) =W αB(l1, l2) = 2 cos[2(ϕl2 − ϕl1)],
and W φ
len
B (l1, l2) = sin 2(ϕl1 − ϕl2)(L · l1). We use this equation to numerically compute the
systematic-induced estimator noise for the rotation systematics. Among these extra
covariance noise, N
(α)
EB,EB, and N
(L)
EB,EB are always smaller than the estimator Gaussian
noise NEB,EB(L), and N
(ω)
EB,EB can be in some cases comparable to NEB,EB(L). We use
Fig. 7.5 to illustrate when N
(ω)
EB,EB goes to the same level as NEB,EB(L) under certain
experiment configuration.
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Appendix E
Parametrizations of the Equation of
State
E.1 CPL Model
The CPL parametrization of the equation of state of dark energy is given by
w(a) = w0 + wa(1− a) or equivalently (E.1)
w(z) = w0 + wa
z
1 + z
(E.2)
The evolution of the dark energy density is given by
ρx(z) = ρx(0)(1 + z)
3(1+weff (z)) (E.3)
where
weff(a) = w0 + wa + (1− a) wa
ln(a)
(E.4)
Often, Eqn. E.3 is written as
ρx(z) = ρx(0)(1 + z)
3(1+w0+wa) exp
(−3waz
1 + z
)
(E.5)
186
Appendix F
Scalar Fields
F.1 Action and Stress Tensor
The action of a scalar field in a Friedmann universe can be written as
S = Sgrav + Sϕ =
∫
d4x
√−g (−R/2 + Lϕ(ϕ,X)) (F.1)
where we have set c = ~ = MP l = 1. Our choice is MP l = (8πG)
−1/2. Lϕ is the Lagrangian
density of the the scalar field ϕ which is allowed to depend on both its value and the
kinetic energy X = 1
2
gµν∇µϕ∇νϕ Then the stress tensor of the scalar field is
Tµν ≡ 2√−g
δSϕ
δgµν
= Lϕ,X∇µϕ∇νϕ− Lgµν (F.2)
This matches the stress tensor for a fluid with the
F.2 Perturbation Theory Calculations
The equations of motion for the perturbations of a scalar field, ignoring the metric
perturbations can be written (where the derivatives are wrt conformal time τ) as
δ¨ϕ+ 2
a˙
a
˙δϕ+ k2δϕ = 0 (F.3)
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We can get rid of the term involving the first derivative here, by writing ϕ = f(τ)φ, where
f(τ) satisfies
f ′(τ)/f(τ) = −2 a˙
a
.
Thus ϕ(τ) = a(τ)φ(τ) is a solution of the Eq. F.3, if φ(τ) solves the equation
φ¨(τ) + (k2 − a¨
a
)φ(τ) = 0 (F.4)
For the phase of radiation domination, the Friedmann Equation is
(
a˙
a2
)2
=
8πG
3
ρ(a0)a
4
0
a4
Here a˙
a
= 1/τ if we consider times at which the scale factor a is much larger than ae, the
scale factor at the end of inflation. The solution to this differential equation is
φ(τ) (F.5)
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Appendix G
Ellipticity of Voids
G.1 Other Parametrizations of Asphericity of
fluctuations
A popular choice (Bardeen et al., 1986) for density profiles, or (Sheth et al., 2001; Sheth
and Tormen, 2002) expresses this in terms of ”ellipticity” and ”prolateness” for the tidal
ellipsoid:
e =
(λ1 − λ3)
2(λ1 + λ2 + λ3)
p =
(λ1 + λ3 − 2λ2)
2(λ1 + λ2 + λ3)
(G.1)
Since this is a function of the eigenvalues {λ}, there is a one to one correspondence with
the asphericity parameters describing the void ellipsoid in Eqn. 6.2.
G.2 Generalized Excursion Set Formalism
It should also be noted that the Doroshkevich formula is based on conditioning on the
variance within a smoothing scale R at initial times (or equivalently Lagrangian smoothing
scale R), rather than the size of the structures themselves at later times. This seems
suitable for void finders such as DIVA (Lavaux and Wandelt, 2009), which use the
variance σR as a parameter, but may be unsuitable for use with other void finders which
find voids of particular radii at redshifts.
In order to confront data obtained from the class of void finding algorithm based on
clustering of underdense regions which uses the sizes of voids as parameters, one needs to
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theoretically study a distribution of shapes of voids for different sizes. This in turn requires
a theoretical definition of the void boundary. A void expands faster than the background
universe, and this results in shell crossing forming the denser void wall. Accordingly,
Blumenthal et al. (1992) argued that the formation of a void corresponds to this shell
crossing and is thus directly analogous to the collapse of a halo into a point in the spherical
collapse model . In a spherical expansion model, they found that the linearly extrapolated
density field at the time of shell crossing, is δv = −2.81. Following them, we assume a void
forms when the linearly extrapolated underdensity inside it reaches this critical value
which is analogous to the critical overdensity of the Press-Schechter method. Since, we are
interested in the asphericity of the voids, we use a generalized excursion set method to
construct a distribution of the ellipticity of the tidal tensor of points at early times, given
that they evolve to form the voids of Lagrangian size R. Each point mass belongs to a void
of a certain radius at some redshift, and had an initial Tidal tensor. The goal of this
method is to assign to each point mass in Lagrangian space (a) the radius of the void to
which this point will belong at any given redshift, and (b) the eigenvalues {λ1, λ2, λ3} of
the initial tidal tensor at that point. We provide a brief summary of the method and the
results here.
We start with a large Lagrangian radius R, so the smoothed variance of density
fluctuations σ(R) is 0 and the tidal tensor T is taken to be zero. We perform a random
walk where we decrease the radius R by steps of ∆R (thereby increasing σ(R) at each
step), and execute six dimensional random walk in the independent elements of the Tidal
Tensor, with the probability of each element P (∆Ti,j, R) at radius R depending on σ(R)
and equal to the probability implied by the statistics of Gaussian fields. The random walk
is stopped at the largest value of R when the linearized density field given by the sum of
the eigenvalues of the tidal tensor Ti,j(R) =
∑
>R∆Ti,j crosses the critical value of −2.81,
and the values of the eigenvalues {λ1, λ2, λ3} and R at the point of termination are taken to
be a sample of the tidal tensor eigenvalues and void size at that initial redshift. The mass
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Figure G.1: Comparison of the distribution of ellipticity e (prolateness p) in the left (right)
panel according to Doroshkevich formula with the distribution obtained from generalized
excursion set formalism described for different values of ν = δ
σ
function of voids thus obtained is identical to the mass function that would be obtained by
a spherical collapse model (without accounting for the Void in Cloud problem), but it gives
us a distribution of the asphericity parameters. Repeating the process, one can construct
samples of the multivariate distribution n(R, {λ}), from which one can obtain samples for
any particular asphericity parameter for voids of size R by restricting the samples to a bin
around R and marginalizing over other the asphericity parameter.
In Fig. G.1, we show the histograms of the “ellipticity” e and “prolateness” p parameters
of Eqn. G.1 of proto-voids that form voids of radius R obtained from the generalized
excursion set formalism for different values of ν = δ
σ
overplotted with the distribution
implied by the Doroshkevich formula in terms of the same parameters when smoothed over
a radius R. The figure shows good agreement between the two. As discussed, in Lavaux
and Wandelt (2009), it was shown that the samples of the eigenvalues of the tidal tensor of
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fields smoothed at a particular smoothing scale RSmooth are similar to the Doroshkevich
Formula. Together, this implies that both methods while giving slightly different results
are fairly consistent, increasing our confidence in these methods.
G.3 Eulerian Evolution of Triaxial Systems
It is well known that the Zeldovich approximation fails to describe structure formation at
small scales in the vicinity of density peaks. This is because in high density regions,
caustics form making the Lagrangian mapping non-invertible. The onset of this problem is
characterized by shell crossing. Thus, at the minima of the density field well inside a void,
which is our region of interest, the Zeldovich approximation should work well. Here, we
compare with another approximation which works reasonably well in the vicinity of peaks.
The evolution of a homogeneous ellipsoid of (real) density contrast δm(t)in a homogeneous
and isotropic flat LCDM universe with scale factor a¯ and densities ρm(t) and ρvac has been
studied (Bond and Myers, 1996; Eisenstein and Loeb, 1995). The equation of motion of
the scale factor, ai and i = 1, 2, 3 , of three principal axes of the ellipsoid can be studied in
terms of a second order Taylor expansion of the gravitational potential (Bond and Myers,
1996):
d2
dt2
ai =
4πG
3
(2ρvac−ρm(t))ai(t)−4πG
3
ρm(t)δm(t)ai(t)−4πG
3
ρm(t)(
3b′i(t)δm(t)
2
+3λ′ext(t))ai(t)
(G.2)
where the term in the first parenthesis is the effect of the usual background expansion in a
flat LCDM model, the second term is the effect of the perturbation as in spherical collapse,
and the third term models the effect of the aspherical nature of the perturbation itself, and
the external tides. The quantities b′i(t) are defined by
b′j(t) = a1(t)a2(t)a3(t)
∫ ∞
0
dτ(
a2j(t) + τ
)
(a21(t) + τ)
1/2
(a22(t) + τ)
1/2
(a23(t) + τ)
1/2
− 2
3
(G.3)
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while we use the the two approximation presented in Bond and Myers (1996) for the
external tidal field λ′(t):
linear external tide approximation: λ′i(t) = λi(t)− δ(t)/3 (G.4)
nonlinear external tide approximation: λ′i(t) = 5b
′
i(t)/4 (G.5)
λi are, as before, the eigenvalues of the tidal tensor and δ is the linearly extrapolated initial
overdensity and they are proportional to the linear growth factor D(t).
The initial conditions are set by using the Zeldovich approximation and are:
ai(tinit) = a¯(tinit)(1− λi(tinit)) (G.6)
a˙i(tinit) = H(tinit)ai(tinit)− a¯(tinit)HD(tinit)λi(tinit), (G.7)
where HD ≡ D˙(t)/D(t).
We integrate these equations numerically to find the axis ratios of an ellipsoid at the time
of shell crossing in terms of its initial e and p. Fig. G.2 compares the result of this
calculation to the Zeldovich approximation. Here we plot the smallest ratio of the principal
axes α = (J3/J1)
1/2 at the present time calculated from the ellipsoidal evolution of Bond
and Myers (1996) ( αBM ) against the corresponding ratio calculated from the Zeldovich
approximation (αZeld), for different values of the other ratio of axes β = (J2/J1)
1/2
computed using the Zeldovich approximation in different panels. The blue dots are for the
linear approximation for the evolution of the outside tidal field and the magenta dots for
the non-linear model for external tides (see Bond and Myers (1996) for a detailed
discussion on these choices). The solid line shows the curve αBM = αZeld. Since we must
have 0 < α < β < 1 the dots only extend to α < β. It shows that the ellipsoidal collapse
approximation is very similar to the Zeldovich approximation for voids.
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Figure G.2: A comparison of evolution of the axes ratios α and β of the void ellipsoid
computed using the linear tide approximation of Bond and Myers (1996) (blue dots), the
non-linear tide approximation (magenta dots) against the ratios computed using Zeldovich
approximation for different values of the axes ratio β
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